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Preface

The primary motivation for writing this lecture note is to introduce graduate
students to the historical background, modern mathematical treatment, and cer-
tain analytical applications of diffusion processes. During the preparation, the
main reference was Richard Bass’s book Diffusions and Elliptic Operators, which
provided a solid foundation and valuable insights.

Given the time constraint of a ten-week short course, it is impossible to cover
all aspects of this rich subject in depth. Therefore, I have selected a number of
fundamental and interesting topics and reorganized them in my own way to form
the content of these notes. My hope is that this material will offer a clear and
engaging entry point into the theory of diffusion processes for students encountering
it for the first time.

Guohuan Zhao
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CHAPTER 1

Construction of Diffusion processes I

1.1. Brownian Motion

The Brownian motion is a continuous stochastic process characterized by inde-
pendent increments that follow a normal distribution. It is widely used to model
the irregular motion of tiny particles suspended in a fluid. As one of the funda-
mental concepts in stochastic analysis, Brownian motion serves as a cornerstone for
understanding more complicate stochastic processes.

In physics, Brownian motion was discovered in 1827 by the British botanist
Robert Brown. While observing pollen particles suspended in water under a con-
ventional microscope, he noticed their irregular motion. Since 1860, numerous
scientists have studied this phenomenon and identified the following key character-
istics of Brownian motion:

(1) The motion of the particles consists of translation and rotation;

(2) The movements of the particles are apparently uncorrelated, even when
the particles approach each other to distances smaller than their diame-
ters;

(3) The smaller the particles, the lower the viscosity of the liquid, or the
higher the temperature, the more active the motion of the particles;

(4) The composition and density of the particles have no effect on their mo-
tion;

(5) The motion of the particles never stops.

In 1905, Einstein proposed a related theory. His theory has two parts: the
first part defines the diffusion equation for Brownian particles, where the diffusion
coeflicient is related to the mean square displacement of the Brownian particles,
and the second part describes the relationship between the diffusion coefficient and
measurable physical quantities. Here we briefly introduce the first part: determin-
ing the distance a Brownian particle moves in a given time. Classical mechanics
cannot determine this distance because a Brownian particle will be subjected to a
large number of collisions, approximately 10'* collisions per second. Einstein con-
sidered the position of the particle in space at time ¢ as a random variable X;, and
let p(t,z) be the density of X;. Assume 75 is the relaxation time, and At > 75.
The increment X;ya: — X over the time interval At is also a random variable,
and its probability density is assumed to be pa; (depending only on At). For a
homogeneous liquid, we can naturally assume that ¢a; is rotationally symmetric.
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2 1. CONSTRUCTION OF DIFFUSION PROCESSES I

Using Taylor expansion:
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1
=p(t,x) + 3 /Rs lyl*oa(y)dyAp(t, z).

Therefore,
dup = S WP Paey)dy
2At
From both theoretical and experimental perspectives, it is reasonable to assume
that v = 55 [s [y[2¢a¢(y)dy is a constant, called the diffusion coefficient of the
Brownian particle. Thus, the above equation can be written as:

Ap.

Op=vAp, p(0,z) = f(x).
The solution to this heat equation is:

1 _(@—y?
p(t, ) =/R3 We we f(y)dy.

From this, we obtain that if Xy = z, then the distribution of X; is a standard
Gaussian distribution. The second part of Einstein’s theory relates the diffusion
constant to physically measurable quantities, such as the mean square displacement
of the particle over a given time interval. This result allows for the experimental
determination of Avogadro’s number and, consequently, the size of molecules. How-
ever, we will not discuss this further here.

1.1.1. Mathematical Definition of Brownian Motion. Note that Ein-
stein did not explicitly establish a mathematical model for Brownian motion. This
problem was solved by Wiener.

Definition 1.1. (W;);>0 is a stochastic process satisfying:

(1) Stationary independent increments and Gaussian property: For
t > s, the increment W; — W follows a normal distribution with mean 0
and variance (t — $)Igxq4, and the increment W; — Wy is independent of
the process (Wy)ogcugs before time s;

(2) Path continuity: (W;):>¢ is almost surely continuous;

Usually, we assume Wy = 0, in which case, W is called standard Brownian motion.

Of course, a natural mathematical question is whether such a stochastic process
exists.

A stochastic process defined on (2, F,P) taking value in a measurable space
(E, ) can be understood in various ways. It involves a collection of random vari-
ables X; € E indexed by a parameter set T (usually, T = N or Ry), where X;
is a measurable map from (2, F,P) to (E,&) for each t € T. The parameter
set T typically represents time and can be discrete or continuous. The process
can also be regard as a measurable map from (Q, 7, P) to the space of functions
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ET. The Kolmogorov o-field on ET is the smallest o-field making the projections
m : ET > f — f(t) € E measurable. This definition ensures that a random
map > w — X.(w) € ET is measurable if its component random variables
X; :  — E are measurable for all ¢ € T. Therefore, the mapping w — X.(w)
induces a measure on (ET,ET) denoted by P. The underlying probability model
(2, F,P) is replaceable by the canonical model (P, ET,£T) with a specific choice
of X;(f) = m(f) = f(¢). In simpler terms, a stochastic process is just a probability
measure P on (ET, ET).

Another point of view is that the only relevant objects are the joint distributions
of (X4, X4,, -+ ,X4,) for every n and every finite subset I = (1, %2, ..., ¢,) of T.
These can be specified as probability measures p; on R™. These puy cannot be
totally arbitrary. If we allow different permutations of the same set, so that I and
I’ are permutations of each other then uy and pj should be related by the same
permutation. If I C I’ then we can obtain the joint distribution of (X;):er by
projecting the joint distribution of (X;)ieyr from R™ to R™ where n and n’ are
the cardinalities of I and I’ respectively. A stochastic process can then be viewed
as a family (us) of distributions on various finite dimensional spaces that satisfy
the consistency conditions. A theorem of Kolmogorov says that this is not all that
different. Any such consistent family arises from a P on (ET,£T) which is uniquely
determined by the family (ur).

Definition 1.2. We say A measurable space (E, £) is said to be standard if there
exists a Polish space X such that (F, &) is isomorphic (as a measurable space) to

(X, B(X)).

THEOREM 1.3 (Kolmogorov’s consistency Theorem, cf. [Yan2l1]). Let E be
a standard measure space. Assume that we are given for every ti,....t, € T a
probability measure p, ..., on E™, and that these probability measures satisfy:

(i) for each T € S, and A; € €,
ftyoot, (A1 X oo X Ap) = Hty 1yt oy (Ar) X oo X Ar(y);
(i) for each A; € €,
fty ot (A1 X o X A1 X E) = pgy o, (A1 X oo X Ap_1).

Then, there is a unique probability measure P on (ET,ET) such that forty,....t, €
T,Al, ,An cé&: P(f(tl) € Al, ,f(tn) € An) = Ut tn(Al X ... X An)

,,,,,

Let T = R; and E be a Polish space. By Theorem 1.3, we can define a
probability measure P on E®+ such that the canonical process X;(f) = f(t) satisfies
the conditions in Theorem 1.3. However, whether the measure is concentrated on
the space of continuous functions is not a simple question. In fact, since T = R,
is uncountable the space of bounded functions, continuous functions, etc., are not
measurable sets of E®+. They do not belong to the natural o-field. Essentially,
in probability theory, the rules involve only a countable collection of sets at one
time, and any information that involves the values of an uncountable number of
measurable functions is beyond reach. There is an intrinsic reason for this. In
probability theory, we can always change the values of a random variable on a set
of measure 0, and we have not changed anything significant. Since we are allowed
to mess up each function on a set of measure 0, we have to assume that each
function has indeed been messed up on a set of measure 0. If we are dealing with
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a countable number of functions, the ‘mess up’ has occurred only on the countable
union of these individual sets of measure 0, which, by the properties of a measure, is
again a set of measure 0. On the other hand, if we are dealing with an uncountable
set of functions, then these sets of measure 0 can possibly gang up on us.

Often, we aim to find a version of stochastic process with continuous trajecto-
ries, or equivalently, to establish a measure P on C (R, ; R?) with the natural o-field.
However, this is not always achievable. We are looking for sufficient conditions on
the finite dimensional distributions (p) to ensure the existence of P on C(R,; R?).

THEOREM 1.4 (Kolmogorov). Let I = [0,T], and let p > 1 and 8 € (1/p,1).
Assume (Y; € R%)¢r satisfies

(1.1) E|Y, - Y|P <c|t —s|'TPP Wi, s € I
Then there exists a version of Y, say X (for eacht € I, P(X; = Y;) = 1), such

that
X, - X,
P(sup't gK) =1,
er |t —s|®
where a € (0,8 —1/p), K = K(a, 8,p,¢,I,w) and EK? < 0.

PROOF. Regard Y as a measurable function from Q x I to R?. By Lemma 1.5
below, there is a null set ' C © and a measurable function X : Q x I — R?, such
that for each w ¢ N,

L' ({tel: Xy(w) # Yi(w)}) =0,

and X (w). is a continuous function. Moreover,

X (W)llgay S K(w (//IXI |Yt|ts|2+ip)| ds dt) " € LP(P).

By Fubini theorem, there exists a .#*-null set N C I, such that for each t ¢ N,
P

P(X: #Y;) =0. For any ty € N, by (1.1), one can see that ¥; —— Y},.
I\N>t,—to

On the other hand, Y;, s Xi, = Xy, so we have X3, s Y;,. Therefore, X is a

continuous version of Y. O

Lemma 1.5 (Fractional Sobolev inequality). Let R > 0, p > n and s € (n/p,1).
Let f : Br — R? be a measurable function Assume

// ( )’ dady < oo.
BRXBR |./L' _y|n+5p

Then there exists a version of f, say f, such that

|f(z) - ( |f(@) = f)P )””
(1.2) z,vs;lEl%R |x—y| o /]l;RxBR |x—y|”+5p dzdy >

Here C only depends on n,s,p and R.

Thanks to Theorem 1.4 and the discussion after Theorem 1.3, we can first
construct a probability measure P on Q = (R?)®+ such that

P(Y:, € Ay,--- Y, € Ay)

:/ / Py (T1)Pty—t1 (X1 — X2) -+ Pryy—ty 1 (Tp—1 — Tp)day - - - dy,
Ay n
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where Y (w) = w is the canonical process, and p(z) = (2mt)~ % exp(—|z|2/(2t)).
Then using Theorem 1.4, one can establish the existence of an a-Hoélder continuous
version of ¥ with a € (0, %), which is a Brownian motion. Once we get such a
continuous version, in fact we obtain a probability measure P on C(R;R%), under
which the canonical process is a Brownian motion.

1.2. Markov Processes

Intuitively speaking, a process X is Markov if, given its whole past up until some
time s, the future behaviour depends only its state at time s. To make this precise,
let us suppose that X takes values in a measurable space (F, ) and, to denote the
past, let F; be the sigma-algebra generated by {X;: s < ¢t}. The Markov property
then says that, for any times s < ¢ and bounded measurable function f: F — R,
the expected value of f(X;) conditional on F; is a function of X,. Equivalently,

(1.3) E[f(X,) | 7] =E[f(X) | X, as.

More generally, this idea makes sense with respect to any filtered probability space
F = (Q,F,(F)i>0,P). A process X is Markov with respect to F if it is adapted
and (1.3) holds for times s < .

Continuous time Markov processes are usually defined in terms of transition
functions. These specify how the distribution of X; is determined by its value at
an earlier time s. To state the definition of transition functions, it is necessary to
introduce the concept of transition probabilities.

Definition 1.6. A (transition) kernel @) on a measurable space (E,£) is a map
Q:Ex&—RyU{oo},
(z,A) = N(z, A)
such that for each = € E, the map A — Q(x, A) is a measure, and for each A € &,

the map « — N(z, A) is measurable. If, furthermore, Q(z, F) = 1 for all z € E,
then @ is a transition probability.

For any f € B(FE), we set

Qf(x) = /E F)Q(z, dy).

A transition probability, then, associates to each x € F is a probability measure
on (E, ). This can be used to describe how the conditional distribution of a process
at a time t depends on its value at an earlier time s by

P(Xt €A | fs) = Q(XsaA)

A Markov process is defined by a collection of transition probabilities (Ps;):>s,
describing how it goes from its state at time s to a distribution at time ¢. We only
consider the homogeneous case here, meaning that P,; depends only on the size
t — s of the time increment, so the notation F;; can be replaced by P;_;.

Definition 1.7. A homogeneous transition function on (¥, £) is a collection P, ¢t >
0 of transition probabilities on (E, &) such that

P,y =PP, 51t>0
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A process X is Markov with transition function P = (P,);>0, and with respect
to a filtered probability space (€, F, (Fi)¢>0, P) if it is adapted and

E(f(X:) | Fs) = P—sf(Xs), t>s.

The identity Psy; = PsP; is known as the Chapman-Kolmogorov equation, and is
required so that the transition probabilities are consistent with the tower rule for
conditional expectations. Alternatively (P;);>o forms a semigroup.

The distribution of a Markov process is determined uniquely by its transition
function and initial distribution.

Proposition 1.8. Suppose that X is a Markov process on (E, &) with transition
function P such that Xy has distribution p. Then, for any times 0 =ty <ty < --- <t
and bounded measurable function f: Entl 5 R,

E[f(Xi,---, X))
://~~~/f(x0,...,xn) P 1, (xn—1,dzy) - Pyt (x0, dzr) p(dxo).

Proposition 1.9. Let (E,£) be a measurable space, and Q2 = E®+. Denote its
coordinate process by X,

X Q= FE, we Xi(w) =w(t).

Also, let F° be the o-algebra generated by {X;:t € Ry} and, for each t >0, let
F? be the o-algebra generated by {Xs: s <t}. So, (FQ)i=o0 is a filtration on the
measurable space (£, F°) with respect to which X is adapted.

Then, for every transition function (P,)i>o and probability distribution p on
E, there is a unique probability measure P on (2, F°) under which X is a Markov
process with transition function (Py)i>o and initial distribution p.

Remark 1.10. The superscripts ‘0’ just denote the fact that we are using the un-
completed o-algebras. Once the probability measure has been defined, it is standard
practice to complete the filtration, which does not affect the Markov property.

The unique measure with respect to which X is Markov with the given transi-
tion function and initial distribution is denoted by IP,,, and expectation with respect
to this measure is denoted by E,. In particular, if y = , then we write P, = Ps,
and, similarly, write E, for Es, .

1.3. Diffusions

Diffusion is a physical phenomenon that describes the process by which sev-
eral substances mixed together tend to move towards equilibrium. For example,
Brownian motion describes the process by which pollen particles suspended in a
liquid gradually ”diffuse” to a ”"uniform” distribution. A natural question arises:
if the physical properties of the liquid at different times and locations affect the
pollen particles differently, for instance, in a flowing liquid, what motion laws will
the pollen particles follow?

The diffusion process does not have a unified mathematical definition, but its
core is a Markov process with continuous trajectories. Similar to Brownian motion,
the evolution of its macroscopic properties can be characterized by establishing
equations that satisfy the transition probabilities. Alternatively, by tracking the
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trajectory of each pollen particle, a probability space can be constructed, and sto-
chastic differential equations (SDE) can be established to describe the motion laws
they obey from a microscopic perspective.

We will first present its construction using the first method, which can be traced
back to Kolmogorov’s early groundbreaking papers on Markov processes.

1.3.1. Fokker-Planck-Kolmogorov equations. Compared to Brownian mo-
tion, we give three conditions for a time-homogeneous diffusion process X;: for any
e >0,

: -1 c _
(1.4) tlgr(l)t 5;1]15 Py(z,BS(x)) =0,

t—0

(1.5) limt_lj_ - (y — z)Py(x,dy) = b(x),

(1.6) lim (2¢) ! / e (y—2); (y —2); P(z,dy) = a;i(z) 4,j=1,--,d

t—0

b and a are called the drift coefficient and diffusion coefficient of the diffusion process
(X+t)>0, respectively. In the sequel, we always assume that

a,be L.

We want to derive the evolution laws that the transition probabilities should
satisfy. Let f € CZ(R?). Then
Pif(x) — f(x)
t
1 1
— [ G -soPedw ;[ W) f@) Pledy) =L+ L
b Jly—si<e tJy—al>e

By Taylor’s expansion theorem, and using (1.5) and (1.6), we have

I :E /|y—m|<5(y —x); Pi(x,dy) 0; f(x)

+ o e (y — 2)i(y — ) Pi(x,dy) 3ijf(x) + o(1)

—b(x) - V() + a;;(2)0;; f(z), t — 0.
Applying (1.4), we have Iy — 0, as t — 0. Therefore,
) i PL) = I(o)

t—o0 t

= a;j ()0 f(x) + b(z) - Vf(z) = Lf(x), feCFRY).
Assume that
Py(z,dy) = p(t,z,y)dy and P,f € CZ, t>0.
Thanks to the Chapman-Kolmogorov equation and (1.7), one can verify that
0pP,f(x) = LEf(x),  lim P, f(z) = f(x),
which can be read as
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Kolmogorov’s idea for constructing the diffusion process corresponding to L
involves solving the partial differential equation (PDE) (1.8) (in fact his solves the
forward equation in his paper) to obtain the density of the process, p(t, z, ).

We need to introduce some notations. For any y € R, put
Lagy) f(x) := aij(y)0i; f (z)

and
_d
2

w(t2,2) = [wt deaaw))] e <—

(W) (z — 2)i(z — 2);
; .
Let
D={(t,z,y):0<t<1,z,y € R,z #y}.
For any A > 0,v € R, put

Alz|?

oy (L, ) = tdN 2= > 0,2 € R

ox is denoted by gy for simplicity. For any p™), p® ... p(® : D — R, define

[pm) ® - 0p?e p<1>} (t,2,9)

o— n
_/ / p( )(t_/rnflvxaznfl)”'
0<T1 <+ <Tp_1<t JR"

PP (12 — 11, 22, 20)pW (11, 21, y)d2y - dzp, dry e drg.

It is easy to verify that
oy (-, 2) = Laypy(,2), y,2 € R,
Recall that p satisfies (1.8), therefore,
9ip = La(y)p + (L = Lagy))p-

Formally, using Duhamel’s formula, we have
pt,z,y) = pg(t, 2,y) + [pg @ (L = Lagy))pl(t,2,y),

(1.9)

=n

pCy) = [p%’ ® [(L = Lagy))pg]®" } )=k +piedCy), 7=

n=0

=1pn
and
(1.10) p(y) = [ph + P4 @ (L — Lo))p] (ny), y€R™

For notion simplicity, we omit the superscript y below.

We attempt to show that the infinite series in (1.9) do convergence (in some
sense), and p given by (1.9) satisfying (1.10) is a fundamental solution to (1.8),
provided that the coefficients satisfies

ASSUMPTION 1. There exists a € (0,1) and A > 1 such that
ATHEP < ag&ily < AJEPP

and
lallce = N1 < oo, ||bll= = N2 < c0.
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1.3.2. Heat Kernel Estimate. In this subsection, we use the classical Levi’s
freezing coefficients method to prove that (1.8) admits a nice solution provided that
the coefficients a and b satisfies Assumption 1.

For simplicity, we always assume b = 0 in the sequel. Readers interested in the
general case can work out the details themselves.

THEOREM 1.11. Under Assumption 1, there is a unique continuous transition
density function p(t,z,y) € D such that

Op(y) = Lp(y) and limp(t,z,y) =4,, yeR"

Moreover,

(i) for any f € Co(R?), Pif — f uniformly;
(i3) for any t € [0,1],z € RY

(1.11) p(t,x,") >0 and /dp(t,x,y)dy =1
R
(iii) for any t,s € [0,1] and z,y € R?
(1.12) p(t+s,2,y) = / p(t, @, 2)p(s, 2, y)dz;
]Rd

(iv) there is a constant C > 1 only depending on d,a, A and N; such that such
that for any (t,z,y) € D,

(1.13) C™17% exp(—Clz|?/t)) < plt, z,y) < Ot~ % exp(—|z[2/(CH))).
Lemma 1.12. For any k € N, there is a constant A\, > 0 such that
Vol S 0x,—k
and for any t € [0,1], z1, 72,2 € R? and B € (0,1), it holds that
Vapo(t, 21, 2) = Vipo(t, w2, 2)]
Sler — 22| [ong,—k—p(t, 21, 2) + 0rp,—k—p(t, 22, 2)] .
Exercise 1.13. Prove Lemma 1.12.

Lemma 1.14. It holds that

(1.14) la| < oxa—23

For any t € [0,1], z1, 22,y € R? and 8 € (0,1), it holds that

(1.15) la(t, 1,9) — q(t, 22, 9)| S |e1 —22)” Y oxna-palt,zi,y).
i=1,2

Proor. We Claim that

(C1l(2/2))"
N7 A0/ (na /2) "2
=Un
where T is the Gamma function, and C7 and A only depends on d, a, A and N;.

(116) |qn(t>x7y)| < ( (t,{,C - y)a
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By Lemma 1.12 and the Holder regularity of a, we have
|q1 (ta z, y)| = H(L - La(y))po](t7 L, y)' < CIQ)\,a—Q(ta €L, y)
Assume (1.16) holds. This together with the fact that g,+1 = ¢1 ® ¢, yields
|qn+1(ta z, y)'

t
ngn/ (t—T)% ! %_1d7'/ oAt —7m,x —2)oa(1, 2 —y)dz
0 Rd
t
/t

=C4 (ﬂ')fl) 4/2 Ynox(t, z — —7)2 L —ldr

=C} (71'/\71) O, (n+1)a— (t y)B <n2a C;)

=Yn+107,(n+1)a—2(t, T —y).
Therefore, we finish the proof for (1.16), which also implies

oo
4= an S 0na2
n=1

Next, we verify that
(1.17)

a1 (t 21, 9) — a1 (622, 9)| S 21— 22l” D orap2 (bwi—y),  (ta,y) €D,
i=1,2

If |21 — 22| > V/%, then it is a consequence of (1.16). When |21 — 22| < V/#, we have
g1 (£, 21, y) — Q1(t T2,9)|
<la(z1) —a(z2)| - |[Vipo(t,z1,y)| + |a(z2) — aly)| - |[Vapo(t, z1,y) — Vapo(t, z2,9)|
Slor = 22| oxy,-2 (t 21 — ) + |22 — Y[ o1 — 22| 0xg -3 (22 —y — 0 (21 — 22))
Sl — l’2|ﬁ oxna-p-2 (a1 —y) + |z2 — y| 21 — 332|ﬁ ox—p—2 (t,22 —y)

Sy = 22" > ornap2(tzi—y).
i=1,2

Therefore, (1.17) holds for any (¢, z,y) € D. Noting that ¢ = ¢; + ¢1 ® ¢, we have
|q(t> T, y) - q(t7 €2, y)'

S oy — 2o’ Z oxa—p—2 (t,zi —y)
i=1,2

+|x1—x2|5/(t—7) o3 - 1d7’ZQ}\ t,w; —
0

1=1,2

Sl = 22" > onap2 (tzi— ).
i=1,2

O

The above lemma implies that the infinite series in (1.9) do convergence, and
p given by (1.9) satisfying (1.10).

Lemma 1.15. There is a constant X > 0 such that
(1.18) ol S ox. 10l +1Vipl S o2
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and
(1.19) [L = Lagy)pl(t, 2,y) = q(t, 2,y).
PRrROOF. Recalling that p = pg+pp ® ¢, by Lemma 1.12, we only need to prove
(1.20) [Vapo ® 4| S 0xa-2-
Note

t
V2(po ® q)(t, z,y) // Vipo(t —7,2,2) q(7,2,y) dzdr

2
s [,
0 3

Thanks to Lemma 1.12 and Lemma, 1.14,

t
3
015 [ oncalt =i~ 2)orana(r s - y) dadr

0

%

Sosta—y) [ (=) 1 S granaltio - )
0
Noting that po(t, x, z) = po(t,z — z), we have
/Vipotxzd =0, keN.

In view of (1.15), we get

|Io] =

dT / V2po(t — 7.2, 2) [a(r, ) — a(ry 2, )] dz
R4

S e

5/ (t—ﬂ?-lf%—ldr/ (5 — 2) + oa(ro & — )] oa(t — 72 — 2)dz
1t Rd

2

Sona—2(t,r —y).
Therefore, [V2p| < o5 —2. Similarly, one can verify that |9;p| < ox,—a. O

The above lemma implies

p(t,z,y) = pol(t,2,y) + [po @ (L — Lagy) )Pt 2,y),
which yields that p satisfies 0;p = Lp.

ProoFr oF THEOREM 1.11. (i). It is easy to verify that
olta) = [ poltn,2)f ()
Rd

convergence to f uniformly when f € Co(R?) as ¢t — 0. In the light of (1.14), we
have

(1.21) lpo ® q| < oxa;
which yields that

[ ® 0t 1)as| £ 15 7l 0.

Therefore, our desired assertion holds, due to the fact that p = pg 4+ pg ® q.
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(ii) and (iii) follow directly as consequences of the maximum principle for par-
abolic equations.

(iv) Thanks to Lemma 1.15, we only need to prove the lower bound estimate.
There exists constant 7" > 0 such that
(1.22)

_d ,—dta _d

p(t2,y) > polt, 2, y)—[po@q|(t,w,y) 2t 5472 2475, Ja—y| < VE, t € [0, .
If |z — y| > V/t, let Let n be the least integer greater than 4|z — y|/v/%, i.e. n —1 <
4lz —y*/t < n.

v, =x+ (y—=z)i/n, B ::B(xi,Sfl t/n) and t; =it/n.

Noting that for all z; € B;,

ﬁ

t/n
2 )

|2i — zig1| <z — | + |2 — @i | + |Tig1 — 2iga1| <
by the on-digonal estimate (1.22), we have

—d
2.

p(tivs — ti, 2i5 zip1) = ca(t/n)
Hence, by the C-K equation, there is a constant cs € (0,1) such that

p(t7xay) 2/ / p(t1,1’721)"'p(tn—tn_l,Zn_hy)le"‘dZn_l
B, 1 By

n—1

> [CQ(t/n)f%]" {wd< t/(64n)>d] >t

—yl? 2
>34 e g2 /0% > oa(t 2, y).



CHAPTER 2

Construction of Diffusion processes I1

2.1. Motivation

Kolmogorov’s approach to constructing diffusion processes is purely analytical.
A natural question that arises is whether it is possible to provide a ”microscopic”
construction at the level of trajectories. This was one of the original motivations
for It6’s introduction of stochastic integrals and stochastic differential equations.

Assume d = 1. Intutively, the diffusion process can be constructed as follows:
Let At be a fixed, small time interval, and consider the following approximation
process:

X =Xo + b(Xo)t + v/ QG(XQ)(Wt — VV())7 t e [07 At);
X =Xar + b(XAt)(t — At) + QG(XAt)(Wt — WAt), te [At, 2At>,

X: =Xkar + b(XkAt)(t — kAt) + 2a(Xk.At)(Wt — WkAt), te [kAt, (k + 1)At).

If, as At — 0, the process X; (which depends on At) converges (in some sense)
to a stochastic process, then formally, the limiting process (still denoted as X;)
satisfies:

(2.1) X, = Xo+ /Ot b(X,)dt + /Ot V2a(X,)dW, .
—_——

?

One issue is how to understand the last term in the above equation.

Exercise 2.1. Prove that

: (Wl
P (hItnjélpM =00 | =1.

When h; is g-Holder continuous and z; is a-Hélder continuous, if a + 8 > 1,
then we can prove that the following Riemann sum converges:

n—1
> hk(@rir — k).
k=0

However, when a4+ 8 < 1, in general, we cannot mathematically prove the conver-
gence of the above Riemann sum.

Note that the paths of Brownian motion are only a-Hélder continuous for
a < 1/2. Tt is expected that the Holder exponent of the paths of X will not
exceed 1/2 either. Therefore, unless we uncover more information about the paths

13
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of Brownian motion, we cannot define the second term on the right-hand side of
(2.1) pathwise.

It6 considered a more general problem: Suppose H is an adapted process, how
can we define the following integral

1
/ H,dW;.
0

Assume Fy = o(W; : s € [0,t]), and H is a bounded simple process with respect to
Fy, ie, Hy = Holoy (1) + S0 He g, 00,1 (), where 0 =t <t < --- < t, =1,
and Hy, € F;,. Naturally, we can define fot H,dW, = Z?;Ol Hy,(Wintior — Wint,)-
1t6 observed that ¢ — fot H,dW; is a martingale and satisfies the isometry property

t 2 t
E(/ HSdWS> :E/ HZds.
0 0

If H is a general adapted process, and there exists a sequence of simple processes
(H™)nen such that

1
E(/ (HS—HS)2d3> —0, n— oo,
0

then by Doob’s inequality,

t t
E( sup / H:dVst/ HT'dW,
tel0,1] [JO 0

Thus, fg H?dW; converges to a continuous martingale, which we define as fg H,dW;.
In fact, later we can argue that we can define the integral of a very general adapted
process H with respect to Brownian motion W. Once the integral with respect to
Brownian motion is defined, under very general conditions, we can solve equation
(2.1), providing a probabilistic construction of diffusion processes.

Essentially, Ito utilized the adaptability of the integrand and the martingale
property of Brownian motion. Thus, stochastic analysis injected new vitality into
the development of martingale theory. Kunita and Watanabe extended the theory
of stochastic integrals from the case of Brownian motion to general square-integrable
martingales using the Doob-Meyer decomposition. The Strasbourg school in France
further generalized it to the most general case of semimartingales and established
a general theory of stochastic processes.

2 1
) < CE/ (H" — H™)2ds — 0.
0

Basic results in stochastic analysis will be used in this note are presented in
the next section.

2.2. Basic Stochastic Analysis

Let (2, F,P) be a standard probability space. Let F,, (n € N) be an increasing
sequence of o-fields. A sequence of random variables X,, is adapted to F,, if for
each n, X,, is F,, measurable. Similarly a collection of random variables X; (t € R})
is adapted to F; if each X; is F; measurable. We say the filtration F; satisfies
the usual conditions if F; is right continuous (i.e., F; = F;y for all ¢, where
Fitr = NesoFiee ) and each F; is complete (i.e., F; contains all P-null sets).

We say 7: Q2 — N (R} ) U {co} is a stopping time if 7 satisfying {r < n} €
Fn ({r <t} € Fy), foreach n € N (t € Ry).
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Fr is a o-field containing all measurable sets A € ¢F such that AN {7 < n} €
Fon (An{r<tte F) foralln e N (t € Ry).

Definition 2.2. Let X; be a real-valued F;-adapted processes. If for each t and s <
t, X; is integrable and E(X¢|Fs) > (<)X a.s., then we call X; is a submartingale
(supermartingale). We say X; is a martingale if it is both a submartingale and
a supermartingale.

Example 2.3. Let &£1,&, -+ be a sequence of i.i.d random variable. Set X, :=
Yo & and F = a(&o, - &n).

Below we recall the results about discrete time martingales and submartingales
that will be used. The proof of the subsequent statements can be found in Durrett’s
book [Durl9], and in many other books dealing with discrete time martingales.

THEOREM 2.4 (Doob). If X, € F, is a submartingale then it can be uniquely
decomposed as X,, = M,, + A,,, where M,, € F,, is martingale, A, =0, An11 = A,
almost surely and A,, is F,_1-measurable.

The following theorem lies at the basis of all other results for martingales.

THEOREM 2.5 (Doob’s Optional stopping theorem). Assume that o and T are
two bounded stopping time, and X; is a submartingale, then E(X | Fy) = Xonr-

Lemma 2.6. Let X,, be a submartingale, and T be a bounded stopping time and
7 < K (constant). Then
(i) B(Xk|F,) > X,
(ii) Xran is a Fp-submartingale.
PRrOOF. (i). for each A € F,, we will show that E(Xk;A) > E(X,;A4). In
fact,

K
E(X;;A) =Y EXpiAn{r=k}) <> EXg;An{r =k}) = E(Xg; A).
k=0 g k=0
eFr
(ii). For each A € F,,_1,

E(Xran; A) =E(Xran; AN{T <n —1}) + E(Xrpn; AN {7 >n—1})
=EX; An{r<n—-1})+EX,;An{r>n—1})
T
>E(X An{r<n—-1})+EX,_;An{r >n—-1})
=E(X;r@n-1); 4).

O

PROOF OF THEOREM 2.5. By the above lemma, we have E(X|F,) = E(Xgnr|Fs) =
Xa'/\7'~ D

THEOREM 2.7 (Doob’s inequality). Let M,, be a martingale. If M, = supy,, |Mg|,
then

P(M; > \) < AT'E(|M,,|; M} > )).
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PRrROOF. Let 7 = inf{k : |My| > A}. Noting that {M} > \}} = {7 < n}, we
have
AP(M) > X) =AP(r < n) < E(|M,|;7 <n)
SE(|Mopnl;m <) < E(|M,|; M) > X).
O
Corollary 2.8. Let M,, be a martingale and T be a stopping time. For each p > 1,
E|M;|P < C,E|Mp|P.

Let a < b. Set oy = inf{n > 0: X, < a}, 1 = inf{n > o1 : X,, > b},
oo =inf{n >m : M, < a}, m =inf{n > 0y : X,, 2 b}, ..., and Uy := max{k :
TkéN}.

Lemma 2.9 (Upcrossing inequality). Suppose that Xy is a submartingale, then
(b—a)EUy(a,b) < E(Xy —a)".
PROOF. We only prove the case that a = 0 and X > 0.

o0 o
Xn = Xs) AN +ZXT1~/\N — Xs5,AN Jrz Xs;41AN — XTAN -

i=1 1=

1 - -
=20 positive expectation

2bUn (0,)

Upcrossing inequality leads to

THEOREM 2.10. If X,, is a submartingale such that sup, EX,I < oo, then X,,
converges a.s. as m — 00.

Corollary 2.11. Suppose that X € L'(P,Q), F,, 1 Foo, then
lim B(X|F,) =E(X|Fx), a.s. and in L.

Example 2.12. For an example of a discrete martingale, let Q = [0, 1], P Lebesgue
measure, and f an integrable function on [0, 1]. Let F,, be the o-field generated by
the sets

{[k/2",(k+1)/2"),k=0,1,...,2" — 1}.
Let f, = E[f | F,]. If I is an interval in F,,, shows that

1 .
Fule) = 1 /I f)dy ifzel.

fn is a particular example of what is known as a dyadic martingale. Of course,
[0,1] could be replaced by any interval as long as we normalize so that the total
mass of the interval is 1. We could also divide cubes in R? into 2¢ subcubes at each
step and define f, analogously. Such martingales are called dyadic martingales. In
fact, we could replace Lebesgue measure by any finite measure u, and instead of
decomposing into equal subcubes, we could use any nested partition of sets we like,
provided none of these sets had p measure 0.

All of the above results also hold for all right continuous martingale
(submartingales) (see [HuaO1]).
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THEOREM 2.13. Assume X is a continuous submartingale, then there exists a
unique martingale M and a unique continuous increasing adapted process A such
that

A():O, Xt:Mt+At.

If M is a continuous square integrable martingale, then M? is a submartingale.
Thus, there exists a continuous increasing process, denoted by (M), the quadratic
variation of M, such that M2 — (M) is a martingale. Particularly, EM? —EMg =
E(M);.

2.2.1. Stochastic Integral. From now on, unless stated otherwise, our pro-
cesses have continuous paths.

Lemma 2.14. Let M, be a square integrable martingale (that is, My € L? for every
t>0) LetO< s<tandlets =ty <ty <--<t,=tbea division of the
interval [s,t]. Then,

B3 (M, - M )* || =B[ME M2 | 7] = (s = 2) | 7|
=
ProoOF. For everyi=1,...,n,
E|(M, ~M,_,)" | F] = [E[ ) F LR
~E[B[M? | F ] —2M; B [My, | Fii ) + M, | F]
~E[E[M | F, ] - M2 | ]
—E[M - M}, | F|
and the desired result follows by summing over i. 0

We say that M; if a local martingale if there exist stopping times 7, T oo
such that X, A; is a martingale for each n € N.

THEOREM 2.15. Let M, be a continuous local martingale. There exists an
increasing process denoted by (M), which is unique up to indistinguishability, such
that M? — (M) is a continuous local martingale. Furthermore, for every fizedt > 0,
if T = {(tg, - ,th ) 0 =1t <1} <--- <1} =1t} is an increasing sequence of
subdivisions of [0,t] with mesh going to 0 , then we have

En 9
1= iy 3 (0.
1=
in probability. The process (M) is called the quadratic variation of M.

Theorem 2.15 is a consequence of the following lemma.

Lemma 2.16. Let M, be a continuous bounded martingale. Let m" = {(tg,--- ,t} ):
0=ty <t} <--- <ty =T} be an increasing sequence of subdivisions of [0 T]
with mesh gomg to 0, then for each n,
kn
= Z Mti—l (Mti/\t - Mti—l/\t)

i=1
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is a martingale, and N* convergent uniformly on compacts, with probability one to
some square integrable martingale Ny.

PrROOF. It is easy to verify that N;* is a martingale. Let us fix n < m and
evaluate the product E (N2N7"). This product is equal to

o

n Kkm

> > E (M, (Mip = Mip ) My, (Mie = My )]

i=1 j=1

In this double sum, the only terms that may be nonzero are those corresponding
to indices 7 and j such that the interval ( T ;"] is contained in (¢! ,#7]. Indeed,
suppose that ¢} < 7" (the symmetric case ¢]* < ¢ ; is treated in an analogous

way).
Then, conditioning on the o-field yt;n_l, we have

E [Mt;tl (Mt? - Mt:-zl) My, (Mt:-" - Mt}h)}

=E [Mtgil (Mt? - Mtgl) Mim E {Mt;” - My || L%;LH =0.

Forevery j =1,...,ky,, write iy (j) for the unique index i such that ( T ;”] C
( Tl f] It follows from the previous considerations that
ENgNEl = > E[My (Mg - My ) Mg (Mg~ M )]

lgjgkmai:in,m(j)

In each term E [Mt?_l (Mt? - Mt?_l) Mt;,n_l (Mt;n — Mt;”_l)i|’ we can now decom-
pose

My — My = (Mt;; — My )
it ()=

and we observe that, if k is such that 4, ,,,(k) = ¢ but k # j,
E My, (Mg — My, ) My, (M = My )| =0

(condition on Fym if k> j and on 9};@1 if k < j ). The only case that remains
is k = j, and we have thus obtained

2
E[NpN7] = > E {thMt;"l (Mo — My ) } '
1<j<k7nvi:in,mr(j)
As a special case of this relation, we have

oo = ¥ w [, ()]

1<i<km
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Furthermore,

E (V)]

I
Ng

2
E [anl (M = My, ]

(]

2
E M2 E|(Mpn — Mpm | F
tz—l ' i—1 i1

1<ign
) 2
= > E|Mz > E (Mt?L—Mt’Zﬁl) | T,
T ; i= '
1<i<kn Jiin,m ()=t

2
5 s o]

1<j<hm i=in,m (5)

If we combine the last three displays, we get

2 2
E |(Ny — N?)Q} =E Z (Mt;’;l - Mt;”;1> (Mt;" - Mt;";l)

1<j <k, i=%n,m (5)

Using the Cauchy-Schwarz inequality, we then have

1/2
4
E|[(Np - N?)z} <E sup (Mt;;l - Mt;»h) ]

1< Skm i=tin,m (5)

51 1/2

x E Z (Mt;n — MZE}L_1>2

1<i<km

By the continuity of sample paths (together with the fact that the mesh of our
subdivisions tends to 0 ) and dominated convergence, we have

lim E

n,m—oo,n<m

4
sup (Mt? L Mt;n;l) ] =0.

1<5 <k 1=10,m (4)

To complete the proof of the lemma, it is then enough to prove the existence
of a finite constant C such that, for every m,

Ell (M;n—Mt;n_l)Q <cC.

1<G<km



20 2. CONSTRUCTION OF DIFFUSION PROCESSES II

Let A be a constant such that |M;| < A for every t > 0. Expanding the square
and using Proposition 3.14 twice, we have

2
2
B\ 3 (Mp—p)
1<j<km
4 2 2
=E| Y (My-Myp,) |+2B| Y (Mg - My, ) (M - My,
1<j<km 1<j<k<km

2
<ane | ¥ (g - i)

1<j<hm |
E—1 ) - )
+23 B (Mt;n — My 1) ElY (Mtzn, —Mtﬁl) | Foy
i=1 k=j+1

2
—4A%B | Y (M~ M)
1<i<km
k'm_l

+2 % B {(Mtr *Mtﬁl)gE [<MT - Mt?")Q | %7”
j=1

O

Let M; be a square integrable martingale, 0 = tg < t; < --- < t, = T and
Hy(w) = Z?:_ol Hi, (W), ¢,,,(s), where Fj is bounded and F;,-measurable. Define

t n—1
| HAM. = 3 H (Mg, = Mine,).
0 i=0

Then

Lemma 2.17. t — fg H,dM;, is a L?-martingale. Moreover, we have the following
Ito isometry:

(2.2) E (/Ot HSdMS)2 = E/Ot H2d(M),.

PROOF.

1 2
E (/ Hdes> =EY H{ (M, — My,)* +2BE> Hy Hy (M, — M) (My,,, — M)
0 i 1<J
=: Il + Ig.

Iy =Y EE (H} (M,,,, — My,)*|F.,) = > E[HZE ((M,,, — My,)*|F,)]

= SR (M)e — (M) = B [ 120,
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IL=2 Z E [H, Hy, (M,

1<j

- M;,)E ((Mtj+1 - Mtj)|‘7:tj)] =0.

i+1

E (/01 HSdMS>2 = E/O1 H2d(M)

t f(f H,dW, = 2?2—01 Hy,(Wine

Therefore,

i1 — Wine,) is a continuous martingale. O

We then can use this to extend the above construction to more general H
satisfying fot H2d(M)s < oo by taking limits in L2. For general continuous local
martingale, we can employ standard localization argument to define the above
integral. For X; = M; + A, a semimartingale, fot H,dX; is given by

t
H dX, H dM, + [ H,dA,,
0 0

where the first integral on the rlght is a stochastic integral and the second integral
on the right is a Riemann-Stieltjes integral.

</ HSdMS> = /Ot H2d(M

Let N; = fo H.dM,. Then
¢ ¢
/ K.dN, = / K H.dM..
0 0

2.3. It6’s formula and its applications

Proposition 2.18.

We list some important results in stochastic calculus.

THEOREM 2.19 (Itd’s formula). If each X} (for each i € 1,---d}) is a contin-
uous semimartingale and f € C%(R?), then

Xt) f(Xo)

(2.3) / Za X)X + / Z 0,1 (X,) d (X7, X7

3,j=1

(see [HuaO1l, Theorem 13.5]).

It is often useful to use the language of Stratonovitch’s integration to study
stochastic differential equations because the It6’s formula takes a much nicer form.
If M, is an Fi-adapted real valued local martingale and if H; is an F;-adapted con-

tinuous semimartingale satisfying P ( fOT H,d(M)s < oo) = 1, then by definition
the Stratonovitch integral of H; with respect to M; is defined as

T T 1
/ HtOth :/ thMt+§<H,M>T
0 0

By using Stratonovitch integral instead of Itd’s, the It6 formula reduces to the
classical change of variable formula.
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THEOREM 2.20. Let M; be a d—dimensional continuous semimartingale. Let
now f be a C? function. We have

ﬂMﬁ=ﬂMw+A6J@90Mﬁ7t>0

THEOREM 2.21 (Burkholder-Davis-Gundy inequalities). If M; is a continuous
martingale with Mo = 0, and T is a stopping time, then

(2.4) E st] |M; [P =, BE(M)?/2, pe (0,00)
te[o,T

PrOOF. Step 1: for any p > 2, by 1t6’s formula
T B _ 1 T B
|Mr|p:p/ sgn(My)| My |” QMthH'I%/ | M [P=2d(M )y
0 0

By Doob’s inequality and Hoélder’s inequality,
E(M;)" SEIM-P <, B(M7)P~*(M))

2

<(B(M;)7)' =5 (B(M)F)7;

T

Step 2: using Lenglart’s domination inequality, we can get the proof for the case
p € (0,2).
We proceed now to the proof of the left hand side inequality. We have,

t
M? = <M>t+2/ ModM,.
0

t p/2
/ ModM, .
0
By using the previous argument, we now have

¢ p/2 T p/4
2’5E< sup / M, dM, ) < CE ( / Mfd(M)5>
o<t<T |Jo 0

<CE (app2 03" < o o) 2 (Bany?)

Therefore, we get

EQMﬁ)szﬁw+EQg%

<EB(ME) + CoE(MY? <e.
As a conclusion, we obtained that d O

Proposition 2.22 (Lenglart). Let X; be a positive adapted right-continuous process
and Az be an increasing process. Assume that for every bounded stopping time T,
E(X; | Fo) < E(A; | Fo). Then, for every x € (0,1),
9 _
B (X7)" < 17— B(45).
1-k
We shall use this lemma to prove the following
Another approach to proving (2.4) is utilizing ”good-\” inequality (cf. [RY13]).

THEOREM 2.23 (Lévy’s theorem). If X; is a d-dimensional (Fi)i>o-adapted
process, each of whose coordinates is a continuous local martingale, and (X*, X7); =
0i;t, then Xy is a d-dimensional (Ft)i>0-Brownian motion.
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PROOF. Let ¢ € R, Then &-X; is a continuous local martingale with quadratic
variation (¢ - X), = [£[*t. By Ito’s formula, exp(i€ - X; 4+ 1|¢[t) is a continuous
local martingale. This complex continuous local martingale is bounded on every
finite interval and is therefore a (true) martingale, in the sense that its real and
imaginary parts are both martingales. Hence, for every s < ¢,

E {exp (if - X + ;|§|2t>‘ ]-'s} = exp (if - X+ ;|£25>
Thus,
E [exp (i€ - (X; — Xy))| Fs] = exp (;|§2(t - s)) .

This implies X; — X is independent with F, and X; — X, ~ A(0,t — s).
Finally, X is adapted and has independent increments with respect to the
filtration (F3)¢>0 so that X is a s-dimensional (F)¢>o-Brownian motion. O

Let M, be a continuous local martingale with My = 0. Set &(M); := exp(M; —
(M) /2).

Proposition 2.24. &(M); is a continuous local martingale, and is the unique
solution to

dX, = X,dM;, X = 1.

THEOREM 2.25 (Girsanov theorem). Let X; and M; be two continuous local
martingales under P with My = 0 P-a.s.. Assume that &(M); is a martingale, we
define a new probability measure Q by setting the restriction of dQ/dP to F; to be
E (M), then Xy — (X, M)y is a martingale under Q and the quadratic variation of
X, is the same under P and Q.

PrOOF. By localization, we can assume X is a martingale. Set Y; = X; —
(X, M);. We only need to verify that Y;&(M); is a martingale under P. By Itd’s
formula,

AV (M) =E(M):dX; — E(M):d(X, M) + Y& (M) d My + (X, E(M))+
=8 (M) d X + V18 (M) dM,.
Therefore, Y;& (M), is a martingale, which implies
Eq(Y;; A) = Eg(Ys; A), VA€ F;,
i.e.
Eq(Y:|Fs) =Y.
O

THEOREM 2.26 (Dambis-Dubins-Schwarz’s Theorem). Let M be a continuous
local martingale with respect to a filtration (Fy)iso, such that Mo =0 and (M) =
oo almost surely. For allt > 0, let

T, =inf{s > 0: (M), >t} = (M);*
be the generalized inverse of the non-decreasing process (M) issued from 0. Then

(i) B = (Mr,)t>0 is a Brownian motion with respect to the filtration (Fr,)i>0.
(ii) (B, )e=0 = (My)i>o.
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Since (M) can be flat on an interval, the map ¢ — T; can be discontinuous.
But this does not contradict the continuity of ¢ — Mry,. Indeed, the flatness lemma
states that

Lemma 2.27 (Flatness Lemma). M and (M) are constant on the same intervals
in the sense that almost surely, for all 0 < a < b,

Vt € [a,b], My = M, if and only if (M)y, = (M),.

PRrROOF. Since M and (M) are continuous, it suffices to show that for all 0 <
a < b, almost surely,

{Vt € [a7b] My = Ma} = {<M>b = <M>a}'

The inclusion C comes from the approximation of the quadratic variation. Let
us prove the converse. To this end, we consider the continuous local martingale
(Nt)t20 = (Mt — Mt/\a)t20~ ‘We have

(N) = (M) = 2(M, M%) + (M?) = (M) = 2(M)" + (M)" = (M) — (M)*.

For all ¢ > 0, we set the stopping time T, = inf{t > 0 : (N); > €}. The
continuous semi-martingale N7 satisfies N = 0 and (N7<), = (N)7, < e It
follows that N7< is a martingale bounded in L?, and for all ¢ > 0,

E(NZr,) = E(N)iar,) <e

Let us define the event A = {{M), = (M),}. Then A C {7, > b} and, for all
t € la,b],
E(1aN}?) = E(AaNf,p,) < E(Njp) < e
By sending € to 0 we obtain E(14N?) = 0 and thus N; = 0 almost surely on
A. This ends the proof of the flatness lemma, which is of independent interest. [

PrRoOOF OF THEOREM 2.26. For all ¢t > 0, the random variable T; is a stopping
time with respect to (Fy)u>0, and s — T is non-decreasing. It follows that for all
0 <s <t Fr, C Fr, and thus (Fr,)u>0 is a filtration. Moreover, for all ¢ > 0,
T; is a stopping time for the filtration (Fr,)y>0. We have T} < oo for all t > 0 on
the almost sure event {(M)., = oo}. By construction, (73):> is right continuous,
non-decreasing (and thus with left limits), and adapted with respect to (Fr,)i>o0.
Since M is continuous, B = (M, );>0 is right continuous with left limits. Moreover,
for all t > 0,

B, = lim By = Mr,_.

s—t—
By the flatness lemma, almost surely B;- = By for all ¢ > 0, hence B is
continuous.
Let us show that B is a Brownian motion for (Fr,);>0. For all n > 0, M7=
is a continuous local martingale issued from the origin and (M7»),, = (M), =n
almost surely. It follows that for all n > 0, the processes

M™ and (M™)? — (M)™"
are uniformly integrable martingales. Now, for all 0 < s < ¢t < n, and by the
Doob stopping theorem for uniformly integrable martingales, using Ty < Ty < T,

E(B|Fr,) = E(M/"|Fr,) = M{" = Mz, 1, = B,
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and similarly, using additionally the property (M ﬁt = (M), a1, = (M)1, =t,

E(B} — t|Fr,) = E(M7;")? — (M"")3,|Fr,) = (M7")* = (M), = BY — 5.

Thus, B and (B? —t):>0 are martingales with respect to the filtration (Fr, )¢>o0.
It follows now from the Lévy characterization that B is a Brownian motion for

(F1,)eo0-
Let us show that M = Bsy. By definition of B, almost surely, for all ¢t > 0,

By, = MT<M>t'

Now, Tiary, <t < Tiany,, and since (M) takes the same value at Ty, and
Tmry,, we get t = Ty, and the flatness lemma gives My = My, forallt >0
almost surely. In other words, using the definition of B, this means that almost
surely, for all t > 0,

M, = MT(}W)t = B<M>t'

2.4. Stochastic Differential Equations
One of the main object in this note is the following SDE:

(2.5) dX! = o} (X)dWF +b'(Xy)dt, Xo=¢ € Fo.

Given (2, F, P, (Fi)i>0, Wy), we say (2.5) has a pathwise solution if there exists a

continuous F-adapted process X; satisfying (2.5). We say that we have pathwise

uniqueness for (2.5) if whenever X; and Y; are two solutions, then there exists a

set N such that P(N) = 0 and for all w ¢ N, we have (X;(w))i=0 = (Yi(w))i=0-
2.4.1. Lipschitz conditions.

THEOREM 2.28 (It6). Suppose o and b are Lipschitz. Then there exists a unique
pathwise solution to the SDE (2.5) for any Xo € L?*(2, Fo, P).

PROOF. Let B denote the set of all continuous processes £ that are adapted to
the filtration F; and satisfy

1/2
€l == (E sup ft|2> < 0.
t€[0,T]

Here T is a positive number which will be determined later. It is not hard to verify
that B is a Banach space. Define a map & on B by

(A (&) = Xo Jr/o (&) - dWs +/O b(&)ds, te[0,T].
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(Verify that A(€) € B). By (2.4) (or Doob’s inequality) and Lipschitz condition on
the coefficients,

17 (€) = /()| =E sup |« (&) — o (n)¢]”
t€[0,T]

/0 (0(£2) — o))V,

2

+ 2E sup
te[0,T]

2

<2E sup
te[0,7)

/0 (b(gs) - b(ns))ds

2

(2.4
<

) T ) T
CE / 0 (&) — o) ds+cE</o |b<es>—b<ns>ds>

SC(T+THE sup & —m|* = Co(T +T?)]i€ = nll-
te[0,T]
Choosing T > 0 sufficiently small such that Cy(T + T?) < 1/2, then & is a
Contraction mapping on B. Banach fixed-point theorem yields that .7 has a unique
fixed point, which is the unique pathwise solution to (2.5). We can extend the same
result to arbitrarily time intervals. O

2.4.2. Definitions of solutions.

(1) strong solution exists to (2.5): if given the Brownian motion W; there
exists a process X; satisfying (2.5) such that X; is adapted to the filtration
generated by W;.

(2) weak solution exists to (2.5): if there exists (0, F, P, (Fy)iz0; Xi, We)
such that Wy is a (F;);>0-Brownian motion and the equation (2.5) holds.

(3) weak uniqueness: if whenever (Q, F, P, (Fy)i>0; Xi, W) and
(0,6,Q,(9)i>0; Y, By) are two weak solutions, then the laws of the pro-
cesses X and Y are equal; Joint uniqueness in law means the joint law
of (X, W) and (Y, B) are equal.

A fundamental result is

THEOREM 2.29 (Yamada-Watanabe-Engelbert [Eng91]). The following two
conditions are equivalent.

(i) For every initial distribution, there exists a weak strong solution to (2.5) and
the solution to (2.5) is pathwise unique.

(ii) For every initial distribution, there exists a strong strong solution to (2.5) and
the solution to (2.5) is jointly unique in law.

If one (and therefore both) of these conditions is satisfied then every solution to
(2.5) is a strong solution.

Proposition 2.30.

2.4.3. SDEs with Holder drifts. For strong well-posedness, if the diffusion
coefficient ¢ is non-degenerate, then the condition on b can be weakened.
Let § € (0,1). Define

S§={A€S(d):6I; <ALy}

THEOREM 2.31 (Krylov [Kry21b]). Suppose that a € S¢ and Vo,b € LY(R?),
then equation (2.5) admits a unique strong solution.

Of course, we will not to prove such a strong result here, but a simper one
below.
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THEOREM 2.32 (Flandoli-Gubinelli-Priola [FGP10]). FEquation (2.5) admits
a unique strong solution, provided that a € Sg, o is Lipschitz, and b € C*(R?)
(Va > 0).

Let
Lu = a;;0;5u + b;0;u.
We will consider
(2.6) M—Lu=f, A>0.
We need the following apriori estimate.

Lemma 2.33. Suppose a € S¢ and a,b € C*. Then for any A > 0 and u € C%2,
it holds that

(2.7) Mulla + [[ullz+a < CllAu = Lulla,
where C only depends on d, §,«, and ||a||lo and ||b]|«-

PrOOF. The proof for the above lemma for L = A can be founded in Appendix
7.3.

For general elliptic operators, let ¢ € C$°(Bz) such that ¢ > 0, ( = 1 in By.
Set ¢Z =(((x —2)/e), and f = Au — Lu. Then

AMu¢?) — aij(2)0i5 (uc?)
=(ai; — ai;(2))0i; (u¢?) — 2a5;0;u0;¢Z — a;;0;;CCu
+b;0:u ¢Z + fCZ,
In virtue of Lemma 7.9, we have
NuCZla + [V (ud)]a < Ce[V2(u)]a + Clfla + Ce™ (| fllo
+ C||V2ul|o + Ce™ Vulq + Ce™ 7|Vl + Ce2u)o + Ce™27¢||ullo.
Here we use the fact that
[fgla < [ fllolgla + [flallgllo-
Choosing €g > 0 sufficiently small so that Cep < 1/2, we get

Mula + [VZu]o < sup (Mu¢ZJo + [V (u¢Z)la) < Ceo(I1flla + Ilull2)-

Noting that ||ullz < 6[V?u]s + Cs|lullo, & > 0, we obtain that
Mula + [VZula < C(If o+ lullo)-
Since Allullo < || fllo, by interpolation, one sees that
Mlulla + ull2+a < CA+AH]f]la-

So we obtain our desired assertion. O

THEOREM 2.34. Suppose a € Sg and a,b € C*. Then for any A\ > 0 and
f € C?%, equation (2.6) admits a unique solution in C**. Moreover,

(2.8) Mlulla + [ull2+a < CQA+Xf]la;
where C' only depends on d, d, o, and ||a||s and ||b]|«-
Sketch of the proof for Theorem 2.34:
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(i) f L = A and f € .7(R%), then for each A > 0, one can use Fourier transfor-
mation to solve (2.6), i.e. u=F L [F(f)- (A +472|-|?)] € NysoH* C Cp°.
Moreover, (2.8) can also be proved by Fourier analysis method (see Appendix
7.3);

(i) For any L satisfying the conditions in Theorem 2.34, and any u € C%%, by
Lemma 2.33, (2.8) holds true for any A > 0;

(iii) Let x be a cutoff function and ¢ be a mollifier. For any f € C%, we set
fe = xe(f % ). Here xc(z) = x(z/¢) and ((z) = EidC(‘r/E)' Using (i), for
each € > 0, there is a smooth soluiton, say u, to (2.6) with L and f replaced
by A and f.. The limit of (u.), u, satisfies Au — Au = f, and u also satisfies
(2.8);

(iv) In the light of (2.8) and the method of continuity (see Lemma 2.35 below),
one can obtain the solvability of (2.6) in C%2.

Lemma 2.35 (Method of continuity). Let B be a Banach space, V' a normed vector
space, and Ty a norm continuous family of bounded linear operators from B into
V. Assume that there exists a positive constant C such that for every t € [0,1] and
every x € B,

[zl|p < Cl|Tiz|[v.

Then Ty is a surjective if and only if Ty is surjective as well.

PROOF OF THEOREM 2.32. Since o and b are bounded continuous, weak solu-
tion exists to (2.5) (see [Hua01]). Thanks to Theorem 2.29, we only need to prove
the pathwise uniqueness.

Let A > 1 Consider the following equation

/\u,\ — Lll,\ =b.
By Lemma 2.33 and interpolation theorem

1 i _1
[Vallo < [[ull§[IV?ull§ < CA=Z (b

1

Choosing A sufficiently large so that CA~z < 1/2. Set ¢(x) = x + u(z), then
¢ : R4 — R? is a C1*-homeomorphism.

Assume that X and X’ are two solutions to (2.5). Set Y; = ¢(X;) and Y/ =
d(X}). Then by Itd’s formula,
dYy = (8540,u") (X))o (X ) AWE + [z (Xe) 05’ (X) + (8% + 9;u’) (Xo)b (X,)] dt

i.e.

aY; =[(I + Vu)o]o ¢~ (Yy)dW, + [a: VPu+ (I + Vu)b] 0 ¢~ (Y;)dt
=[(I + Vu)o]o ¢ 1 (Y;)dW; + Auo ¢~ (Y;)dt.
\w‘—/

=:0 =:b

Similarly, dY; = 5(Y/)dW; + b(Y/)dt. Since & and b are both C'1* functions, as in
the proof for Theorem 2.28, we have

t
ElY; - Y/|* C’/ E|Y, — Y/|’ds.
0

This yields ¥; = Y/, due to Gronwall’s inequality. Since ¢ is one-to-one, X; =
X O
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2.4.4. Stochastic Flow. Consider (2.5) .

THEOREM 2.36. If o and b are Lipschitz, then there exists a version of Xi(x)
that is continuous in (t, ) a.s.

PROOF.
Xu@fxuw:x—y+ﬂ[dxxmyfdxxwmma+ﬂ[w&uwfmxanm

By the Burkholder-Davis-Gundy inequalities, for any ¢ € [0,1] and p > 2,
| @) = o, ) a,

P

E sup
s€[0,t

]
t p/2
«m(&m—&@mﬁ
0

t
<CE [ [X.(e) - X.()"ds.
0

Set g(t) = Esup,cpo,y |Xs(z) — Xs(y)[P. Then for any T' > 0, we have

t
g®<0m—w+0/g@®,t€Mﬂ
0

where C only depends on d,p and T. Gronwall’s inequality yields

E sup |[Xy(z) = Xe(y)[" < Clz -y, Vp=>2.
t€(0,1]

Further, one can verify that
P
E|X,(a) - X" <C(le—yl+t-s*)", ayeR: tse0,T], p>2.

This together with Kolmogorov’s continuity theorem implies that there is a contin-
uous version of (¢,z) — X;(x) such that

X W)l ca(o,1):¢8 (Br)) < K (W)
with o € (0,1/2) and 8 € (0,1), and K € LP for all p > 1. 0

Remark 2.37. The above result also holds if o and b are w-dependent and ||o||c1 +
Ib]lcr < L a.s., for some constant L.

The collection of processes X;(z) is called a flow. If o and b are smoother
functions, then X;(x) will be smoother in 2. Taking derivative, and using the chain
rule, formally we have

0;X{(x) =65 + | 00}.(Xo(2))0; X (2)dW

+ [ 9 (Xs(2))0; X (x)ds.
0

Suppose that o and b are in C}, we consider the SDE
(2.9) dJi(t,z) = O} (Xe(2)) T} (t, 2)dW] + 0" (X () Ji(t, x)dt,  J3(0,2) = 5.
Follow the proof of Theorem 2.36, we have
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Proposition 2.38. Assume o,b € CZ. A strong solution to (2.9) exists and is
pathwise unique. The solution has moments of all orders. Moreover, J(t,x) has a
Holder continuous version, and

E sup |J(t,x)— J(t,y)|P <Clz —y|P, z,y R p>1.
t€[0,T)

Exercise 2.39. Prove Proposition 2.38.
We now prove the differentiability of X;(x).

THEOREM 2.40. Suppose o,b € CF. Then x — X(z) is CF=1* a.s., and
VXi(z)=J(t,x).

PRrROOF. For simplicity, we take b = 0 and k = 2. Then

Xi(z) =2 —l—/o ob(Xo(x))dWk.

Set
Si(t,x,h) = Xi(z + e;h),  Yi(t,x,h) = Xz + eJ|Z|) —Xi@) £0.
Then .
S;(t,x, h) =" +e;h —|—/O op(Si(s,z,h))dWE
and

t 1
ni(t,x,h):5;l+/0 [/0 0101.(0S;(s,z, h) + (1 — 0) Xy (2))d6 | Y] (s, 2, h)AWE.

<lIVello
Set
Z(t,xz,h) = (X(t,z),S(t,z, h),Y(t,z,h)).
Then _ _
2(0.2,h) = (a, (@' + e;h). (53)
and Z satisfies an SDE with Lipschitz continuous coefficients. Noting that
|Z(Oa xz, h) - Z(07$,7 h/)| < C(|l‘ - ‘T,| + |h - h,|)7

following the arguments in Theorem 2.36, we can obtain that

E sup |Z(t,a,h) — Z(ta, W) < Clla— '[P+ [h— W), p> 1.

te[0,T]

This implies that Z(t,z,h) admits a locally Holder continuous version. Conse-
quently, for almost every w € €, the limit limp,_,o Y (¢, z, h)(w) exists for each ¢t > 0
and z € R, Furthermore, it is straightforward to verify that this limit coincides
with J, as both satisfy the same equation. [l

One can also show (see Tkeda and Watanabe [IW14]) that the map x — X;(z)
is one-to-one and onto R<.



CHAPTER 3

Path properties of It6 Processes

3.1. Some Properties of Brownian Motion

Let d = 1.

Lemma 3.1. Let (Wy) be a 1-dimensional Brownian motion. For any 0 < § <
10~4, it holds that

(i)

3.1 inf P, | sup [W,|<1]) >5/6,
(3 jel<1/3 <te[01,)6]| ! ) /
(i)

2 inf P, (|Ws| <1/3) > 1
(32 it (Wl < 1/3)> 173

ProOOF. For (3.1), using Doob’s inequality, we have

2 3 3V
PO sup ‘Wf| > = < *Eo‘Wa‘ < 7\[

t€[0,9] 3 2 2

Thus,
2 1 o
Po| sup [We| > | <=, <1077,
t€[0,] 3 6

which yields

2 5
inf P, | sup [Wi|<1|)>Po| sup Wi <= | >=, <1072
lz|<1/3 t€[0,4] t€[0,9] 3 6
For (3.2), we have
1
‘ "igf/ng(|W5| <1/3) > Po(0 < W5 <1/3) > 3 0< §<107

O

Proposition 3.2. Let W be a 1-dimensional Brownian motion. For anye > 0 and
T > 0, there is a constant c¢(e,T) > 0 such that

Py < sup |Wy| < 5) > c(e,T).
t€[0,7)

31
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PROOF. By the scaling property of Brownian motion (e~*W; 4 W,-2;), we
only need to show

Py sup Wi <1 | =e(e,T)>0.
t€[0,Te~2]

Set § = 107%. (3.1) and (3.2) imply that

inf P, < sup |We| < 1, [Ws| < 1/3) >

1
|z|<1/3 t€[0,6] 6

Letting k = [Te=2671] = [10*Te 2], we have

Py sup Wi <1
te[0,Te—2]

=P sup Wy <1 & [Wi5|<1/3, i=0,1,---k
te[i6,(i41)3)

>6"% =: ¢c(e,T) > 0.
(]

Proposition 3.3. Let W be a 1-dimensional Brownian motion. Then for any
At >0

2
P | sup [Wg|> A < 2”3
s€[0,t]

PROOF. Let X; = el with a > 0. Since z — e%?l is a convex function, X,

is a submartingale. By Doob’s inequality, we have

P} > A) =P (X > ¢™) <o PEX, = 2 [ et gy — 90"
t t = V2t Jo
Taking a = A/t, we obtain
2
P(W; > \) <2 7.

O

Corollary 3.4 (Exponential martingale inequality). Let M; be a continuous mar-
tingale with My = 0, and T be a bounded stopping time. Then

P (sup M| > X & (M), < ,u) < 20 %
t<T
ProOOF. By Dambis-Dubins-Schwarz Theorem, M; is a time change of a Brow-
nian motion W;. So the desired probability is bounded by

P <sup|Wt| >A& (Whr < ,u) ,
t<
where T is a stopping time. Since (W) = T, the probability above is in turn
bounded by
2
P (sup|Wt > A) < 2%,
t<p
due to Proposition 3.3. (]
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The next result, which is known as the law of iterated logarithm shows in
particular that Brownian paths are not %—Hélder continuous.

THEOREM 3.5 (law of iterated logarithm). Let (W});>¢ be a Brownian motion.
For s >0,

P | liminf = —1,limsup 1.

Wips =W M = We 1 2
=0 [atloglog 1 =0 /2tloglog +
PrOOF. Thanks to the symmetry and invariance by translation of the Brown-
ian motion, it suffices to show that:

W,
P Hmsupit =1] =1
=0 /2tloglog 1
Let us first prove that
Wi

P | limsup <1l]=1.

=0 /2tloglog 1

Let us denote h(t) = 1/2tloglog % Let o, 8 > 0, from Doob’s maximal inequality
a2
applied to the martingale (eaW‘_Tt) o Ve have for ¢t > 0:
>0
(0% a2
P ( sup (VVS — 75) > ﬂ) =P < sup eWem TS > eo‘ﬁ> e P,
0<s<t 2 0<s<t

Let now 6,6 € (0,1). Using the previous inequality for every n € N with t = 6", o =
%75 = 1h(0™), yields when n — +oo,

‘ WHOhE) N 1,0\ (]
P(Ogyé)a" (Ws_ 20m s >2h(9) =0 nlte |-

Therefore from Borel-Cantelli lemma, for almost every w € €2, we may find N(w) €
N such that for n > N(w),

(1+8)h(6™) ) 1
su We(w) — ——————~5 ) < =h(8").
i ( s(@) 20m 510"
But,
(14+6)h(0™) 1,
S S S < =
2, ()~ ) <0
implies that for 7+ <t < 67,
1 (2 + &)h(t)
W, < sup Wi < = (24 0)h(0™) <
t(w) Ogsgpan (w) 2( )h(6™) N

We conclude:

%1% 249
P | limsup ! < + =

t—0 2tloglog + 2v/0
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Letting now 8 — 1 and § — 0 yields

W,
P hmsupit <1] =1
=0 /2tloglog 1
Let us now prove that
W,
P | limsup ! >1|=1

=0 /2tloglog 1 a

Let 6 € (0,1). For n € N, we denote
A, = {w, Wion (@) — Wns1(w) > (1 — \/é)h(en)} .
Let us prove that > P(A,) = +00. The basic inequality

too 2 a a2
e 2 du > — e Z,
a 1+a

implies

with
u (1—v0)h(6™)
"ogn2yT—0

When n — +o0,

therefore,
Z P(4,) = +oo.

As a consequence of the independence of the Brownian increments and of Borel-
Cantelli lemma, the event

WQTL - W0n+1 Z (1 - \/é)h(on)

will occur almost surely for infinitely many n’s. But, thanks to the first part of the
proof, for almost every w, we may find N(w) such that for n > N(w),

Wons1 > —2h(0"F1) > —2V0R(6™).

Thus, almost surely, the event Wyn > h(0™)(1 — 3v/6) will occur for infinitely
many n’s. This implies

P limsupL21—3\/é =1.

=0 [2tloglog 1

P | limsup We >1] =1

=0 /2tloglog + a

by letting 8 — 0. (]

We finally get
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As a straightforward consequence, we may observe that the time inversion
invariance property of Brownian motion implies:

Corollary 3.6. Let (Wy);>0 be a standard Brownian motion.

P liminfL = —1,limsu L =1)=1
tstoo \/2tloglogt tHJroop V2tloglogt N

3.2. Support theorem

Let

1
Ry x Q=R bR, xQ—R? and atziata;f.

Set
t t
(3.3) Tt z/ os - dW —|—/ byds.
0 0

For simplicity, we always assume that a € Sg.
The following result is a simplify version of Stroock-Varadhan’s support theo-
rem, which is taken from [Bas98].

THEOREM 3.7 (Support theorem). Suppose o, o~ and b are bounded, x; is
given by (3.3). Suppose ¢ : [0,1] — R? is continuous with ¢(0) = 0. Then for each
e > 0, there exists a constant ¢ > 0 depending only on €, the modulus of continuity
of v, and the bounds on b, o and o~ such that

(3.4) P ( sup |z — o(t)] < 5) > c.
t€[0,1]

This can be interpreted as saying that the graph of x; remains within an e-tube
around ¢ with positive probability.

To prove Theorem 3.2, we need some auxiliary lemmas.

Lemma 3.8. Suppose Xo = 0, Xy = My + A; is a continuous semimartingale
with dA;/dt and d(M)./dt bounded above by N1 and d(M);/dt bounded below by
No>0. Ife >0 and T > 0, then

P ( sup |Xi| < E) > ¢(e,T, N1, Na) > 0.
t€[0,T]

PrROOF. Let 7 = (M); ! := inf{s > 0 : (M), > t}. In virtue of Dambis-
Dubins-Schwarz Theorem, B; := M, is a Brownian motion. By our assumptions
on (M), n <t,and YV; :== X, = By + fot bsds with |bs| < C(Ny, Na). Our assertion
will follow if we can show

P| sup |[Vi|<e|=ec>0.
€[0T

We now use Girsanov’s theorem. Define a probability measure Q by

T 1 T
dQ/dP = Er(—b) = exp (—/ bedB, — 5/ Ibs|2ds | on Fr.
0 0
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By Girsanov’s theorem, under Q, Y; is a Brownian motion. Therefore,
Q(A) =c>0, A:{ sup |Yi] <€}.
te[0,T)
By Holder’s inequality,
¢ < Q(A) < Bp(Er(—b)1a) < [EpEZ(—b)]2 [P(A)]:.

Since b is bounded, it is easy to verify that Fp&%(—b) < co. This yields P(A) >
c>0. O

Now we are on the point to give

PRrROOF OF THEOREM 3.2. Step I: We first consider the case and ¢ = 0. Fix
z € 0B, /4. Applying It6’s formula with f(z) = [z — z|? and setting y; = |2 — 2|2,
then

t t
d
yp = 22 +/ (xs — 2) - das + 2/ tragds, a(yﬁ = (z; — z)Tas(xt —2) X y;.
0

Set 7 :=inf{s > 0 : |ys — yo| = (£/8)?}, then ce? < d(y);/dt < Ce?, t € [0,7]. If we
set z; equal to y; for ¢ < 7 and equal to some Browman motlon for t larger than
this stopping time, then Lemma 3.8 applies (for z;) and

P | sup |z <e| =P sup |y —yo| < (¢/8)
te[0,T) t€[0,T]

=P ( sup |z — 20| < (6/8)2> > 0.

te[0,T)

Step 2: Without loss of generality, we may assume ¢ is differentiable with a
derivative bounded by a constant. Define a new probability measure Q by

T 1 [T
dQ/dP = exp (—/ ¢ (s)o 7t dW, — 5/ l¢'(s)os t?ds | on Fr.
0 0

<_/0. @/(S)Us_ldWs,x>t = /ot o (5)ds = —o(1).

So by the Girsanov theorem under Q each component of z; is a semimartingale
and ni := xi — fo bids — ¢i(t) is a martingale for each i = 1,--- ,d, and (n?,n’), =

fot ol (s)ol(s)ds. Therefore,
t
By ::/ Ugldns
0

is a continuous local martingale with (B, BY), = d0i;t under Q. Thanks to Lévy’s
Theorem, By is a d-dimensional Brownian motion udner Q. Since

t t
xe — (t) = / o,dBy +/ bsds,
0 0

Noting that
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by Step 1, Q(sup;ejo,r [zt — ¢(t)| <€) = ¢ > 0. similarly to the last paragraph of
the proof for Lemma 3.8, we conclude

P| sup |zt —p(t)|<e| =e>0.
te[0,T]

3.3. ABP estimate and Generalized It6’s formula

Below we will use the an analytic result due to Alexsandroff to study the It6
process given by (3.3). Below, we employ an analytic result due to Alexandroff to
study the Itd process defined in (3.3). For simplicity, in this section, we assume
that b = 0. However, all results except Proposition 3.9 remain valid if b is uniformly
bounded. In that case, the constant C' appearing in the estimates below may also
depend on the upper bound of |b|.

Proposition 3.9 (Alexsandroff). Let f be a nonnegative function on By such
that f® has finite integral over By and f = 0 outside By. Then there exists a
nonpositive convex function u on Bs such that

(i) for any x € Ba,

(3.5) ju(@)] < C ( / | fddar> "

(ii) for any symmetric positive definite matriz a € R4, 0 < e <1 and x € By,
(3.6) aijOijuc(z) = dVdeta f.(x),
where ue = u * (., and (. is a standard mollifier.
(3.5) is called Alexandroff-Bakelman—Pucci estimate in PDE literature.
In Section 7.4, we provide the proof for Proposition 3.9 based on the very

initial knowledge of the solvability of the following Monge—Ampeére equations and
estimates of its solutions:

(3.7 det V2u(z) = f in D,

which, actually, after a long development became also one of the cornerstones of
the theory of fully nonlinear elliptic partial differential equations.

Let
1
o:Ry xQ— R and a; = igtUtT-
Set
t
(3.8) Ty = / os - dW
0
and

Tr(z) =inf{t >0: 2+ 2, ¢ Bgr}.

Proposition 3.9 implies
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THEOREM 3.10 (Krylov [Kry09]). There is a constant Cy = C4(d) such that
for any R > 0, and nonnegative Borel f given on R?, we have

Tr(x)
(3.9) E/ f (@ + @) Ydovay dt < CaRIIS || gy,
0

PROOF. By scaling, we only need to consider the case R = 1. We can also
assume f € C°(By).
By Ito’s formula,

tnTL(z)
UE(LC + xt/\‘rl(z)) - UE(LC) = / alsjaijus(x + xs)ds + Mygnr, (z)>
0

where m is a local martingale with my = 0. Selecting an appropriate stopping time
sequence, taking expectation, letting ¢ — oo and using Proposition 3.9, we get

T1 (z)

71 (x) B
detay fo(x+ z¢)dt <d™t / ay Oijuc(x + xy)dt
0 0

2
<E sup |u(z)| < Cal|fllLacsy)-
rEB;

Letting € — 0, we obtain our assertion. O

We should point out that here we do not need to assume a € Sg.

Remark 3.11. (i) (3.9) implies that if x; is a Itd’s process given by (3.3) with
o non-degenerate, then the process ¢ — fot f(xs)ds is well-defined.
(ii) Suppose ; is a It6 process given by (3.3), a € S§ and b satisfying |b| < b(z4)
with some b € L% 1In this case, Krylov [Kry21la] also proved (3.9) with
IlfllLe(py replaced by || f[|pa-<(py for some e = &(d, 6, [|b][) > 0 .

Theorem 3.10 as many results below admits a natural generalization with condi-
tional expectations. This generalization is obtained by tedious and not informative
repeating the proof with obvious changes. We mean the following which we call the
conditional version of Theorem 3.10 . Let « be a finite stopping time, then

(3.10) E

Tr(T)
/ f (x + mt) /det a; l{ngR(x)} dt‘}—fy‘| < C4R||fHLd(BR)~
5

Lemma 3.12. Assume that a € S§. Then for any R > 0 and x € Bg, it holds that
Err(z)" < nl(CsR?/8),
where Cs only depends on d.

PROOF. We can assume z = 0 and set 7 = 7g(0).

We claim that
(3.11) I,(t) :=E ([rr — t]1|F) < nl(C5R*/6)".

Of course, (3.11) implies our desired result.
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When n = 1, (3.10) implies (3.11). If our assertion is true for a given n, then

L (t) =(n+1)E (/ Licti<o<topr<rrdly - dtn+1’~7:t>

%)

7o) |7]

=(n+1)! / dt -ty E (1t<t1<~--<tn<'rR 1 <tii<rn

=(n+1)! / dt; -ty E |:1t<t1<"'<tn<TRE <1tn<tn+1<m

:(TI, —|— 1)E |:’I’L' / 1t<t1<~~<tn<7'3dt1 e tn / E (1tn<tn+1<7'R ftn) dt7b+1’.Ft:|

TR
:(TL + 1>E {[TR — t]iE |:/ 1BR (.’I?t,,t+1)dtn+1’]:t”:| ‘]:t}
tn

(3.10) (3.11)
< (n+ 100 R (H) < (n+ 1)(CsR? /)1,

So we get what we desired. O

THEOREM 3.13. Assume that a € S¢. Then for any u < §/Cs, R € (0,00) and
T € Bg,

(3.12) E exp (“gg)) < (1= Csp/8) 2.

In particular, for each X > 0,

(3.13) P (tr(z) > A\) < 2exp (—205)#) .

Exercise 3.14. Let B be a one-dimensional BM. Let I = (—1,1). Prove that
Er < C™nl.

Using this to give another proof for (3.12).

Put

Tr = Tr(0).

Theorem 3.13 says that 7 is smaller than a constant times R? with high probability.
We want to show that in a sense the converse is also true: R? is basically smaller
than a constant times 7 with high probability.

Lemma 3.15. Assume that a € Sg. There exists Cg depending only on d such that
(3.14) P(tr/R?* <t) < Ced™'t, t,R>0.

PRrROOF. We only need to prove the case R = 1. Let ¢ be a C? function that is
zero at 0, one on 0B1, with 0;;¢ bounded by a constant. By It6’s formula

d¢($t) = V¢(l‘t) . O'tth + aijaij¢(a:t)dt,
which yields that
tATY
O(Tipr ) = E/ a9 0;;6(zs)ds < Ced 't
0
Since ¢(xinr ) = 1ir <1y, we get P(my < 1) < Cgd 't O

Lemma 3.16. Assume that a € S¢. There is a constant R = R(d,§) such that
Eexp(—mx) < 1/2.
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ProoOF. Fact: Let X be a non-negative random variable, and let F :
R;+ — R be a decreasing function with F'(co) = 0. Then

EF(X)= - /OOO F'(H)P(X < t)dt.

Set X = 7 and F(t) = e~'. In virtue of (3.14),

Ee ™% = / e '"P(tr < t)dt < / e 1A (C307*R™2t)|dt < C76 'R™2.
0 0

We set R = /2C7/4. O

Exercise 3.17. For any R € (0,00)
(3.15) Eexp (—R*rr/R?) < 1/2.

THEOREM 3.18. Assume that a € S¢. For any r € (0,1), R € (0,00), 2 € By,
and A = 0,

(3.16) Eexp (—Atgr(x)) < 2¢~VA1-RR/K
where K = R/ log2. Consequently,

(3.17) P (rr(x) < tR%) < 2exp (—M) :

where B = B(R) = K~2(R)/4 € (0,1).

PrROOF. Recall that 7g(z) is the first exit time of x + x;, from Bg. Let 7(z)
be the first exit time of x 4z from B(1_,)r ().

We again assume that R =1, x = 0 and k = 0. Take N € N, to be specified
later, and introduce 7%, k = 1,--- , N, as the first exit time of z; from By/n. We
also set v* be the first exit times of x; from By -1 (z,x-1) after 7°~1, then

LR A
and
n>t =)+ =+ (N =V,
By the conditional version of (3.15),
E {exp [fgq2N2(,yk . Tk—l)] |-7'-Tk71} <1/2.

Therefore,
(3.18)
E [exp (—-R*N?7)]

Hexp (—R°N?(y k_ k- 1))]

2

<E

/

N

E { H exp (—R2N2(vF — 7F71)) B {exp (—R2N2(yN — 7N1)) ‘ﬂm] }

VA
l\D\»—l

Hexp (—R°N*(F =) << (/2N
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Choosing N = [V/A/R], we get (3.16).
For (3.17). Thanks to (3.16),

P (TR(x) < tRQ) P (e—ATR(x) > e—AtRz) < 2e>\tR2—ﬁ(1—n)R/K7

Choosing A = (575 )?, we obtain the desired estimate. O

The above estimates for first exit times have many important applications. Let
or(z) =inf{t>0:z+z, €T}
be the first time the process x + x; hits I.

Proposition 3.19. Assume that a € Sg. For any k € (0,1) there is a function
q(y),v € (0,1), depending only on d,d, k and naturally, also on v, such that for any
R € (0,00),2 € Byg, and closed T' C B satisfying |I'| = +v|Br|, it holds that

P (or(z) < 7r(2)) = 9(7).
Furthermore, q(y) — 1 as v 1 1.

PROOF. By using scaling as before we reduce the general case to the one in
which R = 1. For any € > 0, we have

71 ()
P (or(z) > n(z)) <P <Tl(x) = /0 11 (z + 2¢) dt)

71(z)
<P (ri(x) <5)+5*1E/ Ipr (z +2¢)dt.
0

In virtue of (3.17) and (3.9), for any = € B,; and any € > 0, it holds that

BA—

)2
P (or(z) > 71(z)) < 26”50 + Ce 1 B \[]
< 2e T 4 Ce (1 — )4,

where the constants C' depend only on d,§, k. By denoting
q(y) =1—inf (2€_é +Ce M1 - v)l/d) ,
e>0
we obtain our desired assertion. g

Note that in the above result, we have no assumption on the shape of the set
I.

Exercise 3.20. For any x € (0,1), R € (0,00). For any x € B/ and B.gr(y) C
Bpgr, we have

P (O'BKR(y) () < TR(x)) > ((k) >0,
where ((k) > 0 depends only on d,d, and naturally, also on .

Hint: Using support theorem.

THEOREM 3.21. Let p > d. Then there exists constants C' depending only on
d, s, such that for any A > 0 and Borel nonnegative f given on R% we have

(3.19) E/ e M f () dt < CAFp ! I£1l,-
0
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PROOF. Let v be a stopping time and ' be the first exit time of z; from
Br(z4) after 7. By the conditional version of (3.16),

E [exp (~A(Y/ = 7)) | 7,] < 2¢7VAR/K,
Choosing R = K/+/), then
E [exp (=2(Y' =) ’]—'.Y} <2/e< 1.

Let 70 = 0 and 7% be the first exit time of x; from Br(z,x-1) after 7871, As the
proof for (3.18), we have

k
(3.20) Ee " = EJJe 0 < (2/e).

i=1

If (3.20) holds, then

E/Oooe_’\tf(a:t)dtgiE

k=1

e MTE (/Tk f (xt)dt’kalﬂ

_ gkt
E(C5 "RIfllLeBr e )

(3.9)
<

X

M8

b
I
—

<SOSR £, Y Ee
k=0
o0

<SOOHE/NNTIf 1, S (2/e)F
k=0
<CAT Y f]],.

O

THEOREM 3.22 (Generalized It6’s formula, see Krylov-[Kry09]). Let z; be a
Ité process given by (3.8). Suppose that a € Sg, then for any u € Wi’f with p > d,
we have
u(z + ) — u(x)
t

(3.21) t )
:/ Vu(x 4+ z)o.dWs + / a? 0iu(z + x5)ds
0 0

PROOF. We only consider the case z = 0 and u € W4, Let n € C°(B;) with
[n=1.Set n.(z) = e~n(x/e) and uc = u xn.. By Itd’s formula,

t t
(3.22) e () — ue(x0) = / Vue(zs)osdWy +/ a0 u.(ws))ds.
0 0

Fact: by Sobolev embedding theorem, we have
(3.23) W2e e Cy; [[Vaullza < O(IV?ul|a + [Vl o).
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Since u € Cj, by letting e — 0, one sees the left-hand side of (3.22) goes to
u(zy) — u(zo) as € — 0. For the right-hand side of (3.22). By Doob’s maximal
inequality
2

E sup
t€[0,T]

t t
/ vue (I’S)O'deg - / vus’ (xS)JSdWG
0 0

T
gCE/ Ve — Ve [*(25)ds < C||[Vue — Ve |3 24
0

(3.23)
< Ollue — uer||pp2a = 0, €,/ = 0.

Similarly, we can also show that the second integral on the right-hand side of (3.22)
PR
also converges to [ a¥ 0yu(z,)ds. O

Remark 3.23. The above generalized 1t6’s formula also holds for It6 process given
by (3.3), where a € S¢, and b satisfying |b;| < b(z;) with b € L.

Exercise 3.24. Letd>1,p>1V % and W be a d-dimensional Brownian motion.
Prove that

(1) if f € LP, then [, f(W,)ds is well-defined;

(2) if u € W2P, then it holds that

w(W,) — u(0) = /O Vu(W,)div, + /0 %Au(Ws)ds.






CHAPTER 4

Weak well-posedness

In this section, we study the weak well-posedness of (2.5) (with b = 0). The
core is to study the regularity of following resolvent equation:

where Lu = a;;0;;u, a € S¢ and uniformly continuous.

4.1. Uniqueness in law

THEOREM 4.1 (Stroock-Varadhan). Under the assumptions that o is continu-
ous and bounded, and o(x)ot(z) > 0 for each x € RY. Then SDE (2.5) (withb=0)
has a weak solution, and the distribution of such solution is unique.

Our strategy is

(a) Using generalized It6’s formual and LP-estimate for the resolvent equation to
show the uniqueness of law(X}).
(b) Proving the finite-dimensional distribution of (X;)¢>0 is unique by induction.

Lemma 4.2. Let L = A and p € (1,00). For any f € LP, there exists a unique
solution u € W2P solving (4.1). Moreover, u satisfies

(4.2) Ml + IVu?l, < ClIFllp,
where C' only depends on d and p.

THEOREM 4.3. Let p € (1,00). There exists a constant Ag = No(d,p,ws) > 0
such that for any A = Ao and f € LP, equation (4.1) admits a unique solution
u € W?2p,

PROOF. Assume that u € W?P. We want to show that for sufficiently large A,
it holds that

(4.3) Mlullp + llullw2» < CllAu = Lul,.
Suppose we have (4.3). Let Tpo = A—A and T} = A—L, and B = W?? and V = LP.
Utilizing Lemma 2.35 and Lemma 4.2, we can see that (4.1) has a solution in W?2?.

Now let us prove (4.3) for L = ad;;. Let f:= Au— Lu. Assume ¢ € C2°(Bs)
such that ¢ >0, ( =1 in By. Set (¥ = (((x — z)/e). Then
A(uCl) = aij(2)0i (uCZ) = fCZ = 2ai50;u0;CC — aij0iCCu+ (aij — aij(2))935(ul?).
By Lemma 4.2, we get

MluGZllp + IV2 (u¢2)llp <Cwa(2e)IV*(CE)p + Cllf Lo (Ba. (o))
+Ce™H [Vl Lo (Ba.2)) + O™ [[tull o (Ba. 2))-

45
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Choosing €g > 0 sufficiently small such that Cw,(2e9) < 1/2, then
MullLes., ) + 1V?ullLr (8., ()
SO fll Lo (Bacy () + Ce0~ VUl Lo (Bay () + Ce0 Mwll Lo (Bay (2)) -

(4.4)

Fact: There exist constants ¢ = ¢(d,p,e) > 0 and C = C(d, p,e) > 0, and
a sequence {z;}ien C R? such that

(45) e e < [mr<cy [

By (4.4) and (4.5), we obtain
Mlullp + IV2ully < CIFIE + ClIVullh + Cllullp,

where C only depends on d, p and w,. Using intepolation theorem, one can see that
1 Ao
Alully + 1Vully + 1V2ulp < SIV2ully + S llellp + Cl £llp,

where \g > 1 is a constant only depends on d,p and w,. Therefore, for any A >
Ao = 1, we have

Mully + [[ullw=» < Cllflp-
O

Now let f € C2°(R?). Assume that v € W29 is a solution to (4.1) for some
A = Xg. Applying Generalized 1t6’s formula, one can see that

d (ei)\tU(Xs_i_t)) = ef/\t [*)\U(Xs_;'_t) + LU(XS_A'_t)] —+ efAtVu(Xs_H)a(Xs_,_t)de_,_t.

Taking expection conditional on Fy, we get
u(Xs) = E(u(X,)|Fs) :/ e ME (f(Xope)| Fs) dt, VA 1.
0

This implies that P(X,4¢ € -|F) is unique and P(X,4¢ € | Fs) = P(Xs4t € | X5).
Using this fact, then the uniqueness in law of X; can be obtained by induction.

4.2. Strong Markov property

Define W to be the set of all continuous functions from R, to R%. Suppose
that for each starting point  the SDE (2.5) has a solution that is unique in law.
Let us denote the solution by X (z,t,w). For each = define a probability measure
P, on W so that

P(X(.’L‘,tl) €Ay, ,X(Qﬁ,tn) S An)
:IP’I(w(h) S Al, s ,w(tn) S An)

Let GY be the o-algebra generated by {ws : s <t}. We complete these o-fields
by considering all sets that are in the P, completion of GY for all x. Finally, we
obtain a right continuous filtration by letting G; := Ne~0G} ' .- We then extend P,
t0 G

For each ¢t > 0, the shift operator 6; : W — W is given by 6,w(s) =

w(t+s),s >
0. For any finite stopping time 7, we also set 0. (w)(s) = w(r(w) + 5),s = 0.
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The strong Markov property of (P,),cga is the assertion that
EJ‘(Y o 97|g‘r) - IEXT (Y)a

whenever z € R?, Y € G, is bounded, 7 a finite stopping time and X;(w) = w(t)
is the canonical process.

From now on, by a slight abuse of notation, we will say (P,, X;) is a strong
Markov process if (P,),cgra satisfies the strong Markov property.

To prove the strong Markov property it suffices to show

(4.6) Eo(f(Xr40)[Gr) = Ex, f(X3),
for all z € R, f € C.(R?) and 7 a bounded stopping time.

THEOREM 4.4. Suppose the solution to (2.5) is weakly unique for each x € R?,
Then (P, Xy) is a strong Markov process.

PRrOOF. Let (W, G, (Gt)t>0,Py; X, W) be a weak solution to (2.5), where Xy is
the canonical process and W; is a Gi-Brownian motion. By definition

t t
X, :X0+/ J(XS)dWS—i—/ b(X,)ds.
0 0
Set X{ = X;1+ and W} = W, — W,. By definition, we have
t t
(4.7) X; =X +/ o(X.)dw! —|—/ b(X7)ds.
0 0

Let Q; : W x B(W) — [0, 1] be the regular conditional probability given G.. Then
for each bounded function Y € G, it holds that

(4.8) E.(Y|G,)(w) = /W Y (W)Qr(w,dw’) =: Eg_(u,)(Y), Pg-as.

Claim: For P, -a.s. w € W, it holds that
(a) Xp(w') = Xr(wy(w), for Qr(w,-)-a.s. w' € W.
(b) W' is a Brownian motion with respect to the measure Q. (w,-).

By our claim above, X is a weak solution to (2.5) with initial data X; =
X, (w)(w) under Q- (w,-). The uniqueness in law implies that
EQTf (Xé) = EX.,.f (Xt)7 ]P)x'a'&
On the other hand, by definition

EQTf(Xt/) = EQT]C (Xrtt) = Eo(f(X714)|G7).
Thus, we get (4.6).
Our task now is to prove the claim.
For (a). Let B = {w € W : J'(r(w") € A C BRY)} € G,. Then by the
definition of @, for P,-a.s. w € W, we have
1, fw(r(w)) €A

Q-(w,B) =P,(B|G;)(w) = 1p(w) = {0 if w(r(w)) ¢ A

which yields claim (a) above.
For (b), we need the following
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Fact: If W, is a G;-Brownian motion and 7 is a finite stopping time,
then W, 4, — W, is a G,1;-Brownian motion. (This can be proved by Lévy’s
Characterization Theorem)

Using the above fact, we have

EQ—r exp (Z Yi:l /\k . (WT+tk+1 — WT-Hk) )
k=1
—E, |exp (. S (Wrttnrs = Wrin) ) |67]
k=1
= exp (”z‘:l Akl (tresr — te) /2),
k=1

we get what we claimed. (Il



CHAPTER 5

Applications to Elliptic equations

Let X; be the solution to (2.5) with Xy = . We will write (P, X;) for the
strong Markov process corresponding to o and b (This can be ensured by assuming
o,b € C}, or a €Ss, a is continuous and b is bounded).

Put L = a;;0;; + b;0;. We always assume a and b are bounded.

5.1. Poisson equations

Consider the following Poisson equation:
(5.1) —Lu=f A>0,feC,.

The relationship between these two subjects can be easily established by It6’s for-
mula:

THEOREM 5.1. Suppose u is a C¢ function satisfying the above Poisson equa-
tion. Then

u(z) =E, /OOO e Mf(X,)dt

PRrOOF. Applying It6’s formula, we have du(X;) = dM; + Lu(X;)dt, where M
is a L?-martingale. So

t t
e Mu (Xy) —u () :/ e~ dM, + / e M Lu (X,)ds
0 0

¢
- )\/ e Mu(X,)ds.
0

Taking expectation, we get what we claimed. O

Let us now let D be a nice bounded domain, e.g., a ball. Poisson’s equation in
D requires one to find a function u such that

AMi—Lu=f inD
u=20 on 0D,

where A > 0. Here we can allow A to be equal to 0. Recall that if L = A (X; is a
Brownian motion), then the time to exit D, namely, 7p := inf{t > 0: X; ¢ D}, is
finite almost surely.

THEOREM 5.2. Suppose u is a solution to Poisson’s equation in a bounded
domain D that is C? in D and continuous on D. Assume also that

P.(tp <o0)=1, z€D
where Tp = inf{t > 0:x ¢ D}. Then

u(z) = E, /OTD e M f(X,)ds.
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Exercise 5.3. Prove Theorem 5.2.

5.2. Dirichlet Problems and Harmonic functions

Let D be a ball (or other nice bounded domain) and let us consider the solution
to the Dirichlet problem: given g a continuous function on D, find v € C(D) such
that u is C? in D and

Lu=0in D
(5.2) U in
u =g on 0D.
If Lu=0in D, we say u is L-harmonic in D.

THEOREM 5.4. Assume that P,(tp < o0) =1 for each x € D. Suppose that
u € C?(D)NC (D) satisfies (5.2), then

w(@) = Eeg (Xop) -
PROOF. Let 7, = inf {¢ : dist (X;,0D) < 1/n}. By It6’s formula,

tATH
U(Xt/\7—n) :U(XO)—f—Mt/\T” +/ LU(XS)dS
0
Since Lu = 0 inside D, taking expectations shows
u(z) = Eyu (Xiar,) -

We let ¢ — oo and then n — co. By dominated convergence, we obtain u(z)
Eyu (X,,). This is what we want since « = g on 0D.

O
Exercise 5.5. Theorem 5.4 implies the weak maximum principle: maxpu <
maxgyp U.

Exercise 5.6. Theorem 3.2 implies the strong maximum principle: if w is not a
constant function, then for each « € D, u(x) < maxspp u

THEOREM b5.7. Assume that (P, X:) is a strong Markov process and that
P, (tp <o0) =1, x € D. Suppose that a,b € C(D), g € C(dD), and u(z) :=
E.9(X,,) € C*(D). Then Lu =0 in D.

PRrROOF. Let B.(z) C D. By the strong Markov property, we have
u(z) =E.9(X:p) = Ezg(X7p, 0 97’3,.(@) =E, {Em |:g(X7'D o 07'3,,,(m))‘-7:73r<z)}}
9(Xep)| = Batl(Xry ).

Noting that u € C%(D), by It&’s formula,

=B ]EXTBT(z)
tATB,. (x)
u(XMTBTm) —u(x) = / Lu(X)ds + Minrg (0
0
where M is a martingale. Taking expectations and letting t — oo,

1 TB,(x)
E, / Lu(X,)ds.
0

0=——
EeTp, (2)

By the continuity of Lu and letting » — 0, we get Lu(z) = 0. O
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One can also consider the following Schrodinger type operator:
Lqu = Lu + cu.

Equation involving the above operator are considerably simpler than the quantum
mechanics Schrodinger equation because here all terms are real-valued.

THEOREM 5.8. Let D be a nice bounded domain, and q € C(D) and g € C(9D).
Let u € C*(D) N C(D) that agrees with g on dD and satisfies Lyu =0 in D. If

E, exp (/ q+(Xs)d8> < 00,
0

then

Exercise 5.9. Prove Theorem 5.8.

Exercise 5.10. Using (3.9) to show: there exists ¢ > 0 such that if B C @,z €
Q1/2, and |Q1 — B| < ¢, then

‘I'Q1
]Ew/ 1 (X5)ds =2 ¢ >0,
0
where c¢ is a constant only depends on d,§ and €.

5.3. Once again on the hitting probability
Recall that .
1
Ty = / 0sdWs, a= oo’ € Sf;l.
O 2

In this section, we want to prove following important hitting probability es-
timate, which is a refined version of Proposition 3.19. This was first found by
Krylov-Safonov [KS79].

Recall that

or(z) =inf{t>0:x+z, €T} and g =inf{t >0:2+ 2, ¢ Q}.

THEOREM 5.11. There is a increasing function p : (0,1) — (0,1), which only
depends on d and §, such that for any I' C Q1 and x € Q1 /2,

(5-3) P(or(z) <7q,(x)) = p(|T')).

Before prove Theorem 5.11, we need some preparation.

One tool is a corollary of the Calderén-Zygmund cube decomposition. Let @
be the unit cube. We split it into 2" cubes of half side. We do the same splitting
with each one of these 2™ cubes and we iterate this process. The cubes obtained in
this way are called dyadic cubes. N

If Q is a dyadic cube different from @1, we say that ) is the predecessor of )
if @ is one of the 2™ cubes obtained from dividing @

We also let Q(x) denote the cube with the same center as @ but side length x
times as long.

Lemma 5.12 (Krylov-Safonov [KS79]). Let v € (0,1). IfI' C @1 and || < 7,
then there exists a sequence of dyadic cubes, say {Q*}icz such that
(1) the interiors of the Q' are pairwise disjoint;
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(2) PN Q| >~|Q| and [T'N Q| < |Q'|, for each i € I;
(3) U] < v|E| and T\E| =0, where E = U;czQ".

PRrROOF. We use the Calderén-Zygmund decomposition. We have that

@0 <y,
Q1|
We subdivide @ into 2" dyadic cubes. If @ is one of these 2™ subcubes of Q1
and satisfies |Q NT|/|Q| < v, we then split @ into 2™ dyadic cubes. We iterate this
process. In this way, we pick a family Q1, Q? - - - of dyadic cubes (different from Q1)

such that _
|QINT| ,
——— > Viel
| g
If © ¢ U;cz@" then x belongs to an infinite number of closed dyadic cubes @ with
diameters tending to zero, such that |Q NT|/|Q| < v < 1. Applying the Lebesgue
differentiation theorem to 1r, we get that 1r(z) < v < 1 for a.e. o ¢ U;er Q"
Hence I' C U;e7Q", except for a set of measure zero.
Consider the family of predecessors of the cubes {Q'}, and relabel them as

{Qvi}ief to ensure pairwise disjointness. We immediately observe that:
I'CUierQ' C U, 5Q" = E,

except for a set of measure zero. From the way we chose the cubes Q?,

Q'n F‘ B
@
We conclude that
ri<y @ nr| < Y |@) =AU e < e,
icZ icZ
that finishes the proof of Lemma 5.12. O

The second tool is support theorem, which implies

Lemma 5.13. Let s € (3/4,1). Suppose that @ is the predecessor of Q, then for
each z € Q(k),

P (0g03(@) < 75(2)) > p/(k) >0,
where p' (k) only depends on d,é and k.
ProoOF OF THEOREM 5.11. Define
p(y) = inf {P (or(z) < 70,(2)) : a € S, € Q12,7 C Q1,|T| > 7}

By Proposition 3.19, we know that there exists a constant b € (0,1) such that
p(b) > 0.

We want to prove that for each v € (0, 5],

1+0b
p(y) > 0 implies p(6vy) > 0, where § = % <1.
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Assume that p(v) > 0 for some v € (0,b], and T’ C @y with v > |T'| > 6~. Let
Q' and E = U;ezQ" be the sets in Lemma 5.12. Then

140
-

Therefore, we can find a finite subset of Z, say Zy, and x € (3/4,1) such that

|E| > ||/~ >0

A= | Q'(k) with |A] > b.

i€To
Since |A| > b|@Q1|, by Proposition 3.19,
(5.4) P (oa(x) < 71q,(x)) = p(b) >0, Ve Q).

Suppose that y € 0A = U,ez, 8@%@), then y € 8@1'(,%) for some i € Zy. In this
case,
P (UQi(l/Q)(y) < TQl(yD > P (UQi(l/Q)(y) < Toi (y)) = P/(’ﬁ) > 0,

due to Lemma 5.13. Set

B=JQ@1/2).

i€Zo
Then
P (o5(y) <7,(4)) > il P (0g:/2)(u) < 75:())

>p'(k) >0, VyedA.
The conditional version of above estimate we need below is
(5.5) P (o5 <76, Fou@) =P (k) > 0.
where

op =inf{t >oa(x):z+a, € B} and 75, :=inf{t >oa(z):x+z ¢ Q1}.
Suppose that z € OB, then z € 9Q%(1/2) for some i € Zy. Since [TNQ*| > ~|QY,

by our assumption

P (ornqi(2) <79, (y)) = P(orngi(2) < 10i(2)) 2 p(v) >0, Vzec dB.

D= ] @

€Ly

Set

Then
P(or(2) <7q,(2)) 2 P (ornp(2) < 70,(2))
> z‘ienzfo P(orngi(2) < 1gi(2)) = p(y) >0, Vze dB.

The conditional version of above estimate we need below is
(5.6) P (of < T, ‘.7-"033) > p(y) > 0.
where

/

op :==inf{t >op:x+z €T} and 75, :=inf{t >op:x+z, ¢ Q1}
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0!
Q' (%)
@] > 4o
I Lornn(z)
|
r Lop(y) = %
T

F1GURE 1. Hitting Prob.

Therefore, for each z € Q1 2,

(or(z) < 10, (2))
[P (ca(z) < 7q,(x);0p < 0, ‘fm(m))]

B (10, (0)<r0, @ P (01 < 7, [Foue) ]
= |:1G'A(JZ)<TQ1(I)P (0'33 < T/QI;O-{—{ < TC,él \‘F‘TA(z))}
=B {1aA<z><m1<z>E [1093%1}’ (of <76, Fo;,) |7 UA@)} }

(36)
> POE [Loswr<ro,@P (05 < 76, [ Fou) |

> p(YP' (K)P (0a(x) < 70, (x))

Since the above estimate holds for any I' C @, with |T'| > 6v, we get p(6~) > 0,
provided that p(vy) > 0. Noting that § < 1, we obtain that p(y) > 0 for all
v e (0,1). O
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5.4. Harnack Inequality and Hoélder estimate

In this section, we prove some theorems of Krylov and Safonov [KS81] con-
cerning (positive) L-harmonic functions. Let 6 € (0,1). Set

Z(6) = {{PI}IeRn : (Py, X) is the strong Markov process

associate with some a(-) € S(;d}.

Let

u(z) — u(y)| :
Ula:D ‘= SUu ————>~ and oscu := sup u(xr)— inf u(x).
[ ]OL,D a;7yepD |x _ y|0‘ D weg ( ) zED ( )

THEOREM 5.14 (Holder estimate). Suppose u is bounded in Q1 and Lu =0 in
Q1. Then there exist o and C only depending on d and § such that

(57) [U]Ot;Ql/Q g Cqulcu

PrOOF. Claim: there exists a constant p € (0, 1) such that for any z €
Q1/2, 7 < 1/2,

5.8 osc u < p osC u.
( ) Qry2(2) pQr(Z)

Assume the claim is true. Suppose that z,y € Q12 and |z —y| < 1,let k € N
such that 27571 < |z — y| < 27K,
u(x) —u < osc u< os¢c u<---<CpFoscu
) — ) < gose w<p ose u<-< oo

<Cp~ log, |z —y] %scu < C|a: _ y‘—logzp%sc w.
1 1

Therefore, the above claim implies (5.7) with o = log, p~ 1.

To prove (5.8). Without loss of generality, we can assume inf,¢q, (-) u = 0 and
SUP,eq, (») ¥ = 1. In this case, oscq, ;) u=1. Let I':= {z € Q2 : u(z) > 1/2},
we may assume || > 2|Q,./2], if not, we replace u by 1 — u. For any = € Q, 2, by
1t6’s formula, Theorem 5.11 and scaling,

p(2747H).

N | =

1
u(g«”) = ]ExU(XTQr/\JF) > §P$<UF < TQT) >

Hence we get
osc u<1-— }p(2_d_1) =:p=p osc u.
Qr/2(2) 2 Qr(2)
O

THEOREM 5.15 (Harnack inequality). Suppose a € S§ and L = a;;0;;. There
ezists C' depending only on § such that if u is nonnegative, bounded in Q4, and
u(Xinrg,) is a martingale, then u(x) < Cu(y) if v,y € Q1.

ProOF. If we look at u + § and let § — 0, we may assume u > 0. By looking
at Cu, we may assume infg, , u = 1. By Theorem , we know that u is Holder
continuous in @1, so there exists

y € Q2 such that u(y) = 1.
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We want to show that u is bounded above by a constant in ()1, where the constant
depends only on 4.
By the support theorem and scaling, if z € Q/2, there exists ¢ such that

Py (UQI/M < TQz) > 0.

By scaling, if z € Qy/2(z), then P, (UQ1/4(1) < TQ2) > 4. So by the strong Markov
property,
P, (JQ1/4($) < TQQ) > 52,

Repeating and using induction,

Py (JQ27,€($) < TQQ) > 5k.

Then
1=u(y) 2 E, [u (XUQQ_k(w>) 10Q, k(x) < TQQ}
> ok < inf u> ,
ngk(w)
or
(5.9) inf u<dé® VE>1.

Qy—r ()
By the proof of Theorem 5.14, there exists p < 1 such that

osC U< p O0sC U.
Qy—k—1(z) Qy—k ()

Take N large so that p= > 1/ (6 — 62). Then

Osc u=p N Osc u>——— Osc u.
Qun—r(2) P Qun(w) — 0—062Q, k()

Take K large so that v/d2N—% < 1/8. Suppose there exists zo € Q1(y) such that
u(zo) = 6~ K1,

We will construct a sequence z1,x2,... by induction such that u(z;) >
A

Suppose we have z; € Qan+1-x-; (xj—1) with u (z;) = § 57971 j < n. Since
|2 —xj_q| < Vd2NT1=E=I 1 < j < n, and |z —y| < 1, then |z, —y| < 2. Since
u(z,) = 6571 and by (5.9), ianTKfn(mn) u< oK

Osc wu=ds K (5_1 — 1) .
QQ*K*’VL (xn)
S0 0SCQ, gy (wn) U = §~K=n=2 which implies that there exists Z,,11 € Qan—x—n(Ty,)
with u (z,41) = 6 %~"~2 because u is nonnegative. By induction we obtain a se-
quence x,, with z,, € Q3(y) and u (x,,) — oo. This contradicts the boundedness of
uw on Q4. Therefore u is bounded on Q; by § XL O



CHAPTER 6
Divergence Form Operators

Let a € Sg. One can also consider the following Dirichlet form
E(u,v) = / aijOudv = E(v,u), u,v € H'.
Rd
Then,
E(u,v) = —(Lu,v) = —(u, Lv), u,v e,
where
Lu= 8j (aij&-u).

By our assumption on a,

fww< [ [Vuf = fulf.

Assume that a € S§ N C*°, and (P, X;) be the diffusion process associated to
For any f € L' N L™, set P;f(z) = E,f(X;). Then

OPf=LPf feCZ.
By the symmetricity of L, we have
O(f, Plg) = 0P f,g) = (LP.f,g) = (PLf.g) = (f,LFg), [,g9€CZ.
This yields that P f = P,f. Consequently,

/Ptf:8t<Ptf71> = <faPt1>:/f'
Assume f >0, f € C and || f]1 = 1.

d
&HPtng = 0P f, 0P f) = 2(Pf,LP.f) < *25||VPtf||§
By Nash’s inequality:
2 _d_
lullz < C(A)[Julli™ [ Vully™
and the fact that ||P;f]l1 < || f]l1 = 1, we obtain

2(d+2)
d
1P f 12

1+2
2 < —c(IPfl3)
1P £l

d
a”PtfH% < —c¢

Put 0(t) = | P.f||3. Then 0/(t) < —c (0(t))' "7 and 6(t) > 0. This yields
2 / 2 2
P*ﬂﬂ}>c>0:ﬁ*ﬂﬂ>cﬁ+ﬁim)

Thus,
d
PS5 <6(t) <Ct™2, || flli=1.

57
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So we obtain

_d
(6.1) [Pl e < Ct
For any f € L?, g € L',

(P.f,9) = (f, Pg) < C £l Pegll> < Ct % |gll1 ]| fl]2-

IN

This yields
(6.2) Pl 2re < Ct 1
(6.1) and (6.2) imply that

_4
[Pl pee < |Pellpisr2 [Pyl < Ot 2.

Therefore,
p(t,x,y) < Cct 5.
Set
Pf () := e? WP (e”*f)(x)
(L?f,9) =(Ou Py f,9)i=0 = (POt Pr(e? f), g)]i=0
(6.3) == /Rd a;;0i(e” 7 f)0;(e?g)

~(Ls.9)+ [ as(Odyef — 0s0s00) + [ wsdiedsefs
d
SIPFHE = (CoPe £ PEf) + [ adioses?.
Let ¢(x) = B -z with 8 € R?, and ||f||; = 1. Then
d 142
SIPEFIB < CIBRIPLIE = e (1Pf13)

0'(t) < CIBPPO(t) — c(0(t)) '+ 3



CHAPTER 7
Appendix

7.1. Probabilistic terminology

Let (Q,F,P) be a probability space and (E,£) be a measurable space. X :
(Q,F) — (E,&) a measurable map, and G a o-field C F.

When E = R, we define the conditional expectation of X given G, E(X|G),
to be any random variable Y that satisfies
(a) Y €G;
(b) forall A€ G, E(X;A) =E(Y;A).

Qg : 2 x & — [0,1] is said to be a regular conditional distribution (RCD)
for X given G if
(a) For each A € £, w— Qg(w, A) is a version of E(14(X)|G);
(b) For a.e. w € Q, A— Qg(w, A) is a probability measure.
If E=0Q, X(w) =w, then Qg is called a regular conditional probability.

The following results can be found in Durrett’s book [Durl9].

Proposition 7.1. (i) If G C Gy C F, then

(7.1) E[(X[G2)|6:] = E(X[G1)
(i1) Assume that X € F andY € G C F, then
(7.2) E(XY|G) = E(X|G)Y.

(iii) (Jesen’s inequality) If ¢ is a convex function, then
(7.3) E(p(X)|G) < ¢(E(X]G)).

Proposition 7.2. Let Qg be a RCD for X given G. If f : E — R satisfying
E|f(X)| < oo, then

E(/(X)|9)(w) = /E f(@)Qo(w,dz) as..

THEOREM 7.3. RCD ezists if E is a standard measure space and £ = B(E).

Proposition 7.4. Assume X > 0, f : Ry — Ry such that f € CY(R,) and
f(0)=0. Then

(7.4) Ef(X) = / FOP(X > t)dt.
0
Exercise 7.5. If X > 0, f : Ry — R, such that f € C'(R;) and f(o0) = 0. Then

(7.5) Ef(X)=— /0 T POP(X < bt
59
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7.2. Maximal Principle
Consider the linear parabolic equation:
O = a;0;5u + b;0;u + cu,
where a;; is uniformly elliptic, b; and ¢ are bounded and continuous.

Proposition 7.6 (Weak Maximum Principle). If ¢(x,t) < 0 and u is bounded,
then

sup u= sup u.
R4 xR4 {0} xR

Proposition 7.7 (Strong Maximum Principle). If u achieves its mazimum (or
minimum) at a point (tg,zo) € Ry x RZ, then u is constant in [0,tg] x RY.
7.3. Schauder estimate

Let . be the Schwartz space of all rapidly decreasing functions, and .7’ the
dual space of . called Schwartz generalized function (or tempered distribution)
space. Given f € ., let % f = f be the Fourier transform defined by

fle) = [ e e,

Let x : R — [0, 1] be a smooth radial function with

x(©) =1 [§l <1, x(§) =0, [§] =3/2.
Define
P(&) = x(&) — x(26).
It is easy to see that ¢ > 0 and supp ¢ C Bs/s \ By/2 and formally
k

(7.6) > e(278) = x(27) — x (219 T L

j=—k
In particular, if |j — j/| > 2, then
suppip(27-) Nsuppp(2 /) = 2.
From now on we shall fix such x and ¢ and define
Ajf=F N e(277)Ff), jeL
Set h:=.Z1(yp), then h; :=.F 1 (p(279.)) = 299h(27.). Noting that we have

/Rdhjzga(())zo.

We first recall the following useful lemmas.

Lemma 7.8. Let a € (0,1). For any u € C%, it holds that

1 . .
(7.7) S sup 2 Al < e < Csup 2 Ao,
JEL JEZ

where

[ ](1 . :c;él:y) |x_y|a

b

and C only depends on d and «.
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PROOF. 1) For any x # y, we have

|u(z) = u(y)] <Z |Aju(z) — Z |z = yll[VAjullo) A 2] Ajullo)

<CS @ e — gl AD)IAullo
J
<ol (le—yl Y PO P g
j<logy |z—y| j=log, |[z—y|

<Clax — y|* sup 27*(|Ajulfo.
J

2) For any j € Z and = € R?, we have

Aguo)] = [ ute = iyt -

W2 [ i@ )iy < 027 .

[t = ) = uGelis

O

Lemma 7.9. There is a constant C = C(d, ), such that for any u € C** and
A >0,

(7.8) Mlullo < Cl]Au — Aulfo
and
(7.9) Ml + [VZu]o < C[u — Aul,

PROOF. 1) If there exits o € R such that u(zo)( or — u(xg)) = ||lullo, then
Au(zg) < 0 (Au(zo) > 0). This implies [Au(zo)| < |Au(zo) — Au(zo)|; If such zg
does not exist, then we can consider function ug = ux(-/R) (R > 1).

2) We only prove the case A = 0. Let f = Au. Define

fgf; (€), P (z) = F M) (@); (€)= (277€), i (x) = 2nH (2Ta).

It is easy to see

oM (&) =

@kzu—zukl Z(p :Zhé?l*

JEL JEL JEZ

For any = € R?, noticing h*' € .#(R?) and [ hF' = ¢(0) = 0, we get
o)l =| [ G = | =
< [ G- (flaf2 2170z < Ol a2

Rd

This together with Lemma 7.8 yields that
[VZu], < Csup2/®||A;0kullo < C[fla-
PR

o WM (2)(f(x = 2772) = f(@))dz
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7.4. Monge-Ampere Equation

Lemma 7.10 (Area formula). Consider a locally Lipschitz function f : RY — R?
and a Borel set A C R?. Then the function y +— Na(y) := card{f~(y) N A}} is
measurable and

/A [det(VI@)de = | Na(y)dy > 29(F(A)).

]R’n
Consequently, for any g > 0,

(7.10) /f N /A o(f ()] det V £ () |da.

To motivate the definition of weak solutions to (3.7), given an open set D C
R", consider v : D — R a convex function of class C? satisfying (3.7) for some
f: D — R*. Then given any Borel set E C D, it follows by the area formula that

/fda::/detDzudz:Wu(E)\.
E E

Notice that while the above argument needs u to be of class C?, the identity

/E [ = [Vu(E)|

makes sense if u is only of class C'. To find a definition when u is merely convex
one could try to replace the gradient Vu(x) with the subdifferential Ou(z) and ask
for the above equality to hold for any Borel set E. Here Ju(x) is given by

ou(z) == {pe R 1u(y) > u(z)+ (p,y —x) Vye D}.
This motivates the following definition:

Definition 7.11. Given an open set D C R™ and a convex function u : D — R,
we define the Monge-Ampere measure associated to u by

U ou(x)

The basic idea of Alexandrov was to say that u is a weak solution of (3.7) if
/f['u|D = V‘D-

pu(E) =

Lemma 7.12. Let u,v: D — R be convexr functions. Then

Hugv 2 Hu + Ho and Hxu = )‘n,uu YA > 0.

The following result is the celebrated Alexandrov maximum principle.

THEOREM 7.13. Let D be an open bounded convex set, and let u : D — R be
a convex function such that ulgp = 0. Then there exists a dimensional constant

C = C(d) such that
(7.11) lu(z)| < C(d) diam(D) T dist(z,0D)7|du(D)|2, Vz € D.
)

ProOOF. Let (z,u(x)) be a point on the graph of w, and consider the convex
“conical” function y — C,(y) with vertex at (z,u(z)) that vanishes on 0D. Since
u < Cp in D (by the convexity of u), Lemma 2.7 implies that

‘a@(@( < ‘a@(p)‘ < |0u(D)|:
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s0, to conclude the proof, it suffices to bound |9C, (z)| from below. It is not hard
to see

e 9C,(z) contains the ball B, with p = |u(z)|/diam(D)

e OC.(x) contains a vector of norm |u(x)|/dist(x,dD)
Thus,

0C.(x) > By(0) U{ah, gl = [ulz)|/dist(z, OD).

Since 8@0(33) is convex, it follows that 86}(36) contains the cone C generated by ¢
and X, := {p € B, : (p,¢) = 0}. Therefore

c(d)p’ gl = IC| < |ou(D)].
O

THEOREM 7.14. Let D be an open bounded convex set, and let v be a Borel
measure on D with v(D) < oco. Then there exists a unique convex function u :
D — R solving the Dirichlet problem

by =V in D
u=0 on 0D

PRrROOF. By the stability result proved in Lemma below, since any finite mea-
sure can be approximated in the weak* topology by a finite sum of Dirac deltas,
we only need to solve the Dirichlet problem when v = Zf\il a0, with z; € D and
a; > 0. To prove existence of a solution, we use the so-called Perron method: we
define

Slv] :={v:Q = R convex : vy, =0, u, > v in Q}
and we show that the largest element in S[v] is the desired solution. We split the
argument into several steps.

Step 1: S[v] # 0. To construct an element of S[v], we consider the “coni-
cal” function C,,, that is 0 on 02 and takes the value —1 at its vertex z;. The
Monge—-Ampere measure of this function is concentrated at x; and has mass equal
to some positive number §; corresponding to the measure of the set of supporting
hyperplanes at z;. Now, consider the convex function v = Zfil ACy,, where A has
to be chosen. We notice that 7|sq = 0. In addition, provided X is sufficiently large,
Lemma below implies that

N

N N N
o 2> e, = 2 ANue, = ANBide, =D by, = v,
i=1 i=1 i=1

i=1
This yields © € S[v].
Step 2: v1,v2 € S[v] = w := max {vy,v2} € S[v]. Set

QO = {’Ul = ’UQ}, O = {’Ul > 'UQ}, and Qo = {’01 < ’02}

Also, given a Borel set F C 2, consider F; = E N Q.
Since 3 and Q9 are open sets, w|g, = v1 and w|q, = va,

8w(E1) = Bvl(El), aw(Ez) = 81}2(E2).
In addition, since w = v; on {2y and w > v, everywhere else, we have

81)1 (E) Q 8’LU(E0)
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Therefore,
fw(E) Z i, (Eo U E1) + o, (E2) 2 v(E).

Step 5: u := sup,egp,) v belongs to S[v]. Let wy, T u locally uniformly. Then
Hw,, — *fiy. Also, we deduce immediately that u|sq = 0 by construction; hence,
u € Syl

Step 4: The measure p,, is supported at the points {z1,---xx}. Otherwise,
there exists a set £ C D such that

En{zy,...,zny} =0 and [Ou(E)| = pu(E) >0
Therefore,
|Ou(E)\ UL, 0u(z;) U Ou(0D)]| = [ou(E)| > 0

Let 79 € E and p € Ou(xo)\[UX,0u(x;) U Ou(dD)]. Then there exists § > 0 such
that
(7.12) Uzl p+20 on {zy,...,x5}UIQ,

where lz, ,(z) = u(zo) + p - (x — zo). Set 4 := max{ly, , + J,u} = u. Notice
that @ is convex, 4 > u, and it follows by (7.12) that @ = w in a neighborhood of
{z1,...,2n} U O In particular, @|y, = 0 and 0u (z;) = Ou(x;), which implies
that ulogegqu € S[v]. This is a contradiction.

Step 5. pu, = v. By Step 8 and Step 4, we know that p, = Zil By, with
Bi > ;. Assume that 81 = (1) > v(z1) = 1. O
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